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Abstract. This is the first of a sequence of four papers [21], [22], [23], [21] dedicated 
to the construction and the control of a parametrix to the homogeneous wave equation 
□ g = 0, where g is a rough metric satisfying the Einstein vacuum equations. Controlling 
^ , such a parametrix as well as its error term when one only assumes L 2 bounds on the 
curvature tensor R of g is a major step of the proof of the bounded L 2 curvature conjecture 
proposed in [TTJ, and solved jointly with S. Klainerman and I. Rodnianski in [IB]. On a 
more general level, this sequence of papers deals with the control of the eikonal equation on 



OO 



^ ■ a rough background, and with the derivation of L 2 bounds for Fourier integral operators 



43 



o 



on manifolds with rough phases and symbols, and as such is also of independent interest. 



1 Introduction 



^ ! We consider the Einstein vacuum equations, 
OO 

! Ra/3 = (1.1) 

I> . 

where R a ^ denotes the Ricci curvature tensor of a four dimensional Lorentzian space time 
(.M, g). The Cauchy problem consists in finding a metric g satisfying (II. ip such that the 
metric induced by g on a given space-like hypersurface S and the second fundamental 
form of So are prescribed. The initial data then consists of a Riemannian three dimen- 
sional metric <7y and a symmetric tensor kij on the space-like hypersurface So = {t = 0}. 
Now, (11. ip is an overdetermined system and the initial data set (S , g, k) must satisfy the 
<-h . constraint equations 

r V % - V/Trfc = 0, 
R-\k\ 2 + {Tik) 2 = 0, 1 ' 

where the covariant derivative V is defined with respect to the metric g, R is the scalar 
curvature of g, and TrA; is the trace of k with respect to the metric g. 

The fundamental problem in general relativity is to study the long term regularity and 
asymptotic properties of the Cauchy developments of general, asymptotically flat, initial 
data sets (So,g, k). As far as local regularity is concerned it is natural to ask what are 
the minimal regularity properties of the initial data which guarantee the existence and 
uniqueness of local developments. In [16J, we obtain the following result which solves 
bounded L 2 curvature conjecture proposed in [TTj : 
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Theorem 1.1 (Theorem 1.10 in |16| ) Let (Ai,g) an asymptotically flat solution to 
the Einstein vacuum equations (II -ip together with a maximal foliation by space-like hy- 
persurfaces T> t defined as level hypersurfaces of a time function t. Let r^ D ;(S t , 1) the volume 
radius on scales < 1 o/E/Q. Assume that the initial slice (Eo,g,A;) is such that: 

||^||l2(s ) < £, \\k\\i?CBo) + II V/c|| L 2(e ) < ^ and r vo i(E Q , 1) > -. 

Then, there exists a small universal constant 6$ > such that if < e < so, then the 
following control holds on < t < 1: 

||K|| L oo i]L 2 (2t) < e, HfcllLjx.^^) + ||VA;|| £ «. i]L a (Et ) < e and Q Uif ^^(E*, 1) > -. 

Remark 1.2 While the first nontrivial improvements for well posedness for quasilinear 
hyperbolic systems (in spacetime dimensions greater than 1 + 1), based on Strichartz esti- 
mates, were obtained in JMj, 125^ , I2blj , JE/, WM , JTffl . Theorem \l.l\ is the first result 
in which the full nonlinear structure of the quasilinear system, not just its principal part, 
plays a crucial role. We note that though the result is not optimal with respect to the 
standard scaling of the Einstein equations, it is nevertheless critical with respect to its 
causal geometry, i.e. L 2 bounds on the curvature is the minimum requirement necessary 
to obtain lower bounds on the radius of injectivity of null hypersurfaces. We refer the 
reader to section 1 in [16] for more motivations and historical perspectives concerning 
Theorem li.il 



Remark 1.3 The regularity assumptions on So in Theorem \l.l\ - i.e. R and Vfc bounded 



in L 2 (S ) - correspond to an initial data set (g, k) e i?^ c (E ) x i?^ c (E c 



Remark 1.4 In fTSf . our main result is stated for corresponding large data. We then 
reduce the proof to the small data statement of Theorem \1.1\ relying on a truncation and 
rescaling procedure, the control of the harmonic radius of E based on Cheeger-Gromov 
convergence of Riemannian manifolds together with the assumption on the lower bound 
of the volume radius of Eo, and the gluing procedure in f^, |5]/. We refer the reader to 
section 2.3 in Iffl$ for the details. 

Remark 1.5 We recall for the convenience of the reader the definition of the volume 
radius of the Riemannian manifold E t . Let B r (p) denote the geodesic ball of center p and 
radius r. The volume radius r vo i(p,r) at a point p G E t and scales < r is defined by 



r vo i(p,r) = inf 



\bAp)\ 



r'<r r 3 



with \B r \ the volume of B r relative to the metric g t on E t . The volume radius r vo i{Yi t ,r) 
of E 4 on scales < r is the infimum of r vo i(p, r) over all points p£S t . 

The proof of Theorem II. 1[ obtained in the sequence of papers [16], (21], [22], [23], [24] . 
[13] . relies on the following ingredientsE): 



1 See Remark 11.51 below for a definition 

2 We also need trilinear estimates and an L 4 (A4) Strichartz estimate (see the introduction in |16| ) 
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A Provide a system of coordinates relative to which ( II. ip exhibits a null structure. 



B Prove appropriate bilinear estimates for solutions to D g = 0, on a fixed Einstein 
vacuum background 

C Construct a parametrix for solutions to the homogeneous wave equations D g = 
on a fixed Einstein vacuum background, and obtain control of the parametrix and of 
its error term only using the fact that the curvature tensor is bounded in L 2 . 

Steps A and B are carried out in [16]. In particular, the proof of the bilinear estimates 
rests on a representation formula for the solutions of the wave equation using the following 
plane wave parametrix^: 

Sf(t,x)= / e iXuit ' x '" ) f(Au)A 2 d\dou,(t,x)eM (1.3) 
is 2 Jo 

where u(.,.,ou) is a solution to the eikonal equation g al3 d a ud/3U = on M. such that 
u(0,x,co) ~ x.uj when \x\ — > +oo on Therefore, in order to complete the proof of 
the bounded L 2 curvature conjecture, we need to carry out step C with the parametrix 
defined in (11.31) . 

Remark 1.6 Note that the parametrix (II. 3p is invariantly define^, i.e. without reference 
to any coordinate system. This is crucial since coordinate systems consistent with L 2 
bounds on the curvature would not be regular enough to control a parametrix. 

Remark 1.7 In addition to their relevance to the resolution of the bounded L 2 curvature 
conjecture, the methods and results of step C are also of independent interest. Indeed, they 
deal on the one hand with the control of the eikonal equation g a ^d a udpu = at a critical 
leveQ and on the other hand with the derivation of L 2 bounds for Fourier integral operators 
with significantly lower differentiability assumptions both for the corresponding phase and 
symbol compared to classical methods (see for example JWj and references therein). 

In view of the energy estimates for the wave equation, it suffices to control the 
parametrix at t — (i.e. restricted to E ) 

i- r+oo 

Sf(0,x)= / e iXui °< x < u) f(\u)\ 2 d\du), x e E (1.4) 
is 2 Jo 



3 Note that the first bilinear estimate of this type was obtained in [TJ] 

4 p.3p actually corresponds to a half- wave parametrix. The full parametrix corresponds to the sum of 
two half-parametrix. See |22| for the construction of the full parametrix 

5 The asymptotic behavior for u(0,x,u>) when |x| — > +oo will be used in [22] to generate with the 
parametrix any initial data set for the wave equation 

6 Our choice is reminiscent of the one used in [TB] in the context of H 2+e solutions of quasilinear wave 
equations. Note however that the construction in that paper is coordinate dependent 

7 We need at least L 2 bounds on the curvature to obtain a lower bound on the radius of injectivity of 
the null level hypersurfaces of the solution u of the eikonal equation, which in turn is necessary to control 
the local regularity of u (see [23]) 
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and the error term 

Ef(t,x) = n s Sf(t,x) = e iXu(t ' x ' u ' ) n g u{t,x,u)f{Xu)X 3 dXdu, (t,x) G M. (1.5) 

is 2 Jo 

This requires the following ingredients, the two first being related to the control of the 
parametrix restricted to E (jl.4j) . and the two others being related to the control of the 
error term (11.51) : 

CI Make an appropriate choice for the equation satisfied by u(0, x, u) on So, and control 
the geometry of the foliation generated by the level surfaces ofu(0,x,u) on S . 

C2 Prove that the parametrix at t = given by (jl.4j) is bounded in C(L 2 (R 3 ), L 2 (E)) 
using the estimates for u(0,x,u) obtained in CI. 

C3 Control the geometry of the foliation generated by the level hypersurfaces of u on 
M. 

C4 Prove that the error term (11.51) satisfies the estimate \\E f\[i?(M) — C||^/I|l 2 (k 3 ) 
using the estimates for u and D g M proved in C3. 

Step C3 was initiated in the sequence of papers [33], [5], [TD] where the authors prove 
the estimate DgW G L°°(Ai), which is crucial for step C3 and C4. In the present paper, we 
focus on step CI. Remember that u is a solution to the eikonal equation g a Pd a udpu = 
on Ai. To define u in a unique manner, we still have to prescribe u on So- Having in 
mind steps C2 and C3, we look for u(0,x, u) satisfying the three following conditions: 

Cla u(0,x,u) ~ x.oj when \x\ — > +oo on So- 

Clb □ g u(0, x, u) is in L°°(S). In fact, the estimate O s u G L°°(A4.) is obtained in /73] / 
using a transport equation (the Raychadhouri equation) so that one needs the corre- 
sponding estimate on S (i.e. at t — 0). 

Clc u(0,x,u) has enough regularity in x and u to achieve step C2, i.e. to control the 
parametrix at t = given by (II .4ft . 

Such a choice turns out to be a difficult task. This is due to the fact that the initial 
data set (E , g, k) has very little regularity. In fact, to be consistent with the bounded L 2 
curvature conjecture, one should only assume that the curvature tensor R of g and Vfc 
are in L 2 (S). Together with Clb, this drastically limits the regularity in x of u(0,x, u). 
Although (£o,g,£;) is independent of u> (which only intervenes in Cla to prescribe the 
asymptotic behavior of u(0,x, u)), the function u(0,x, u) has also very limited regularity 
in lo. We will thus have to make a very careful choice of u(0,x, u) to be able to satisfy 
the three conditions Cla Clb Clc at the same time. 

Let us note that the typical choice u(0,x,u) = x ■ u in a given coordinate system 
would not work for us, since we don't have enough control on the regularity of a given 
coordinate system within our framework. Instead, we need to find a geometric definition 
of u(0, x,u). A natural choice would be 

□ g u = on E 
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which by a simple computation turns out to be the following simple variant of the minimal 
surface equation^ 

div (wu = k ( wy wu onSo - 

Unfortunately, this choice does not allow us to have enough control of the derivatives of 
u in the normal direction to the level surfaces of u. This forces us to look for an alternate 
equation for u: 



drv ( -— = 1 - -— + k( -—, — - on S c 

\\u\J |Vw| \|Vu| \\u\ 

In the time symmetric case, i.e. k = 0, this choice simply means that the mean curvature of 
the level surfaces of u is equal to 1 minus the lapse of u. In this context, this construction 
has not appeared in the literature. It is closest in spirit to the mean curvature flow 
equation, as it can be recast in an alternative form 

^ = (l + H + k NN )N, 
du 

where N is the mean curvature of the level surface of u. Its main advantage is that it 
turns out to be parabolic in the normal direction to the level surfaces of u. Consequently, 
this construction retains the regularity of the leaves of the foliation of the minimal surface 
choice, but also additionally gives stronger control in the normal direction to the leaves. 

The rest of the paper is as follows. In section 2, we motivate our choice for u(0,x,u) 
and we state the main results. In section 3, we assume the existence of u(Q,x,u>) and 
prove calculus inequalities with respect to the foliation generated by u(0,x,cu) on S , 
which will be needed in the sequel. In section 4, we investigate the regularity of w(0, x, u) 
with respect to x. In section 5, we recall the properties of the geometric Littlewood-Paley 
decompositions established in |9], and we derive useful commutator estimates, product 
estimates, as well as parabolic estimates. In section 6, we derive additional regularity 
for u(0, x, u) with respect to x. In section 7, we investigate the regularity of u(0,x, to) 
with respect to u>. In section 7, we construct a global coordinate system on the leaves 
of the foliation generated by u(0,x,u) on So- Finally, we derive additional estimates for 
u(0, x, lo) in section 8. 

Acknowledgments. The author wishes to express his deepest gratitude to Sergiu Klain- 
erman and Igor Rodnianski for stimulating discussions and constant encouragements dur- 
ing the long years where this work has matured. He also would like to stress that the 
basic strategy of the construction of the parametrix and how it fits into the whole proof 
of the bounded L 2 curvature conjecture has been done in collaboration with them. The 
author is supported by ANR jeunes chercheurs SWAP. 



In the time symmetric case k = 0, this is exactly the minimal surface equation 
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2 Main results 



From now on, there will be no further reference to E 4 for t > 0. Since there is no confusion, 
we will denote E simply by E in the rest of the paper. 

2.1 Modification of R and k near the asymptotic end 

Recall from Theorem 11.11 that our assumptions on the initial data set (E,g,/c) are the 
following 

\\R\\i?P) + ll*IU»(E) + l|VA;|| L 2 (E) < e, (2.1) 

where e > is small enough. Now, as a byproduct of the reduction to these small initial 
data outlined in Remark 11.41 and performed in section 2.3 of [TB], we may also assume the 
existence of a global coordinate system on (E,g, k) relative to which we have 

\\z\ 3 2\z\>, (2.2) 

and (S,g, k) is smooth in \x\ > 1. 

In order to construct u(0,x,u) satisfying the asymptotic behavior Cla, we need to 
modify (E, g, k) outside of \x\ < 1. We can glue it to (M 3 , S, 0) so that the new initial data 
set is still smooth outside of |x| < 1, satisfies ( 12. ip . and coincides with (R 3 ,<5, 0) outside 
of a slightly larger neighborhood. We still denote this initial data set (E, g, k). Of course, 
(E, g, k) does not satisfies the constraint equations in the annulus where the gluing takes 
place. However, for the construction of u(0,x,u>), we only require (E, g,k) to satisfy the 
constraint equations in \x\ < 1. Outside of \x\ < 1, (E, g, k) is smooth, so things are much 
easier. 

Finally, in order to be consistent with the statement of Theorem 11.11 we consider a 
maximal foliation, i.e. 

Tik = 0. 

2.2 Geometry of the foliations generated by u on M. and by ui s 
on E 

Let u a solution to the eikonal equation g a ^d a udpu = on M.. Let L = —g al3 d a udi3 be 
the corresponding null generator vectorfield and s its affine parameter, i.e. L(s) = 1. Let 
us introduce the level hypersurfaces of u 

T-L uo = {(t, x) in M. such that u = u } 

which generate a foliation on Ai. The level surfaces P SfU of s generate the geodesic foliation 
on W u . 

The geometry of T-L u depends in particular of the null second fundamental form 

X (X,r) = g(D x L,F) (2.3) 

with X, Y arbitrary vectorfields tangent to the s-foliation P S)U and where D is the covariant 
differentiation with respect to g. We denote by tr% the trace of Xi i- e - tr% = $ AB Xab 
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where Xab are the components of x relative to an orthonormal frame (eA)A=i,2 on the 
leaves of the s-foliation. An easy computation yields: 

D B u = tr X (2.4) 

so that ones needs to prove enough regularity for tr% to control the error term (II. 5p of 
the parametrix (II. 3p . tr% satisfies the well known Raychadhouri equation 

^tr X + ^(tr X ) 2 = -|£| 2 (2.5) 

with xab = Xab — l/2trx<^ B the traceless part of x- This transport equation is used in 
[T3] to prove the crucial estimate tr\; 6 L°°(Ai) provided that tr^ is in L°°(£) at t — 0. 

Let us now recall the link between ui E and tr^u. We define the lapse a = |Vm| _1 , and 
the unit vector N such that Vu = a _1 iV. We also define the level surfaces 

P UQ = {x in E such that u = uo}, 

so that is the normal to P u in S. The second fundamental form 9 of P u is defined by 

8(X,Y) = g(V x N,Y) (2.6) 

with X, Y arbitrary vectorfields tangent to the w-foliation P u on E and where V denotes 
the covariant differentiation with respect to g. We extend 9 as a tensor on £ by setting 

9(N,.) = 9(.,N) = 0. (2.7) 

We denote by ti9 the trace of 9, i.e. tr# = 5 ab 9ab where 9ab are the components of 9 
relative to an orthonormal frame (ca)a=i,2 on P u . We then have the following equality on 
E: 

trx = tr0 + trk. (2.8) 



Now, Trk = tik + k^N- Recall from section I2TT1 that we impose Trk = which corresponds 
to a maximal foliation. Thus, we obtain the following relation between u and tr% on E: 

trx = tr9 — kNN on E. (2.9) 

Finally, using (12 .4p and ( 12. 9p . we may reformulate Clb as: 

tr# — k NN G L°°(E). (2.10) 

2.3 Structure equations of the foliation generated by a function 

u on E 

We recall the structure equations of the foliation generated by a scalar function u on E 
(see for example [3]). 
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Proposition 2.1 The orthonormal frame frame N, e A} A = 1, 2 of £ satisfies the follow- 
ing system: 

' V N e A = f N e A + a-\y A a)N, 
V A N = 9 AB e B , 
V B e A = f B e A - 6 AB N, 

Also, the lapse a and the second fundamental form 9 satisfy the following system: 
a~ l ^(a) = -W N tr6 - \6\ 2 + R NN , 

f B e AB = lf A tr6 + R NA} (2.12) 
a ^fAfB a + VnO ab + 26 C A 6 C B - tr66 AB + K lAB = R AB , 

where 6 AB = 6 AB — \/2tr98 AB is the traceless part of 6, K is the Gauss curvature of P u , 
7 is the metric on P u induced by g, and is the intrinsic covariant derivative on P u . 
Finally, we have: 

2K - tr9 2 + \6\ 2 = R- 2R NN . (2.13) 

Proof We start with (12. lip . Note that the second equality in (12. lip follows from the 
definition of the second fundamental form 9. Also, the first and the third equality follow 
from the second and the fourth equality and the fact that the frame is orthonormal. Thus, 
it remains to prove the fourth equality in (12. lip . 

Since Vw = a -1 AT, we have N(u) = a -1 . Thus, using e A (u) = using the fact that 
the frame is orthonormal, we obtain: 

V^a" 1 ) = V A (N(u)) 

= [e A ,N](v) 

= V A N(u)-V N e A (u) 

= a~ 1 g(N, V A N — Vjve^) 

= a-yVjviV, e A ) 

which concludes the proof of (12.111) . 

We now turn to the proof of (I2.12p starting with the first equation. Using the definition 
of the curvature tensor R, we have: 

g([V A ,\7 N }N,e B ) = g(f A V N N, e B ) - g(V N f A N, e B ) + g{V WNeA N, e B ) 

= g(V A V N N, e B ) - g(V N V A N, e B ) + g(Vv NBA N, e B ) 
= Ranbn + g{Vv A N-v N e A N, e B ) + g(Vv N e A N, e B ) 

= —Ranbn + Qac^cb 

where we used (12. lip in the last inequality. Taking the trace yields: 

[div,V 7 v]iV = -^ + |^| 2 , 
which together with (12. lip implies: 

div(VivA0 = V7v(div(iV)) + [div, V N ]N = V N tr6 - R NN + \6\ 2 . (2.14) 
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Using (12. lip , we have: 

div(VivA^) = -div(a^fa) = -d^a^fa) - \a~ l fa\ 2 = -a _1 £(a) 

which together with (I2.14p proves the first equality of (12.121) . 

Next, we turn to the second equality of (I2.12p . Using the definition of the curvature 
tensor R, we have: 

f A 0BC ~ f B 0AC = e A {g{V B N, e c )) - 9(f A e B , e c ) - 9(e B , f A e c ) 

-e B (g(V A N, e c )) + 9(f B e A , e c ) + 6{e A , f B e c ) 

= ^((V a Vb - V B V A )N, e c ) + g(V B N, V A e c - f A e c ) 
-9(f A e B , e c ) - g(V A N, V B e c - f B e c ) + 9(f B e A , e c ) 

= Rabnc + 9^ VAeB _f AeB _ VBeA+ f BeA N, e c ) 

= Rabnc 

where we used (12. lip , the fact that 9 is symmetric, and the fact that the frame is or- 
thonormal. Taking the trace yields: 

&ft(9) A = y A ti9 + R A bnb = f A tr9 + R AN 

which together with the definition of 9 proves the second equality of (12.121) . 

We now turn to the last equality of (12.121) . Using the definition of the curvature tensor 
R and the property (12. 7p of 9, we have: 

V N 9 AB = V N (g(V A N,e B )) -9(V N e A ,e B ) -9(e A ,V N e B ) 

= g(V N V A N, e B ) - 9(f N e A , e B ) 

= g(V A V N N, e B ) + R ANBN + g(V WN e A -v A NN, e B ) - 9(f N e A , e B ) 

= g(V A V N N, e B ) + R ANBN + g(V VNeA _y NeA _ VAN N, e B ) 

which together with (12. lip yields: 

V N AB = -a^fj/^ - 9 AC 9 CB + R ANBN . (2.15) 
Now, the Gauss equation of the foliation generated by u on S reads: 

Rab = Ranbn + K lAB + 9 ac 9 C b - tr99 AB , (2.16) 

which together with (I2.15P proves the last equation of (I2.12p . 

Finally, we turn to (I2.13P . This follows from taking the trace of the Gauss equation 
(I2.16p . Note that it also follows form taking the trace of the last equality of (I2.12p and 
using the first equality. ■ 
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2.4 Commutation formulas 

Let II the projection operator from the tangent space of E to the tangent space P u , which 
is defined in an arbitrary orthonormal frame on E by 

II* = 5* — N*Nj. 

Then, for any P u -tangent tensor F, we define f N F as the projection of VatF on P u : 

y N u ll ... ln = ir-...irjy N u n .., n . 

We have the following useful commutation formulas between f and f N (see [3] page 64). 

Lemma 2.2 For any P u -tangent tensor F on E ; we have schematically: 

[f Ni f\F = a~ l fa ■ V N F - 9 ■ fF + R N . ■ F + 9 ■ a^fa ■ F. (2.17) 
In particular, we obtain for any scalar f on E: 

[f N , f]f = a-yaV N f -9-ff, (2.18) 

and: 



[V Nl A]/ = -trOfrf - 26 ■ f 2 f + 2a- 1 fa ■ fV N f + a^^Nf - 2R N . ■ ff 
-ftrd ■ ff - 26- a^fa ■ ff. 



(2.19) 



We will use some variants of the commutator formulas f)2.17p . (I2.18P and f)2.19p . In 
particular, for any scalar function / on E, ( 12.1 9p yields: 

a[V N , a' 1 ^ = -(tr9 + a^V N a)^f - 20 ■ f 2 f + 20^0 ■ fV N f + a^^a^Nf 
-2R N . ■ ff - ftr6 ■ ff - 26- a^fa ■ ff. (2.20) 

Also, for some applications we have in mind, we would like to get rid of the terms 
containing f N in the right-hand side of (I2.17p . d 2 . 1 8 [) and (I2.19p . This is achieved by 
considering the commutators with f aN instead of f N . (12.1 7p implies for any P u -tangent 
tensor Fori S, schematically: 

[f aN , f]F = -a6 ■ fF + aR N . -F + 6- f(a) ■ F. (2.21) 

Using twice the commutator formula f)2.2ip . we obtain, schematically: 

[f aN ,^]F = f-(-9-fF + R N .-F + 9-f(a)F)-f9-fF + R N .-fF + 9-f(a)-fF. (2.22) 

In view of (12.211) . we also have for any scalar function / on E: 

[V a 7v, A]/ = -atrOfcf - 2a9- f 2 f + (-2aR N . - afti9 + 29- fa) ■ ff. (2.23) 

Finally, we conclude this section with the following commutator formula on P u . For 
any scalar function / on P u , we have: 

[%ffl = Kff. (2.24) 
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2.5 The choice of u(0,x,lu) 



In view of (I2.10p . we may reformulate Cla Clb Clc. We look for u(0,x, u) satisfying 
the three following conditions: 

Cla u(0,x,u) ~ x.u when \x\ — > +00 on S 

Clb tr9-k NN E 

Clc u(0,x,u) has as enough regularity in x and u to achieve step C2, i.e. to control the 
parametrix at t = given by (11. 4p 

where the initial data set (£, g, k) satisfies: 

= 0, 

i?=|A;| 2 , (2.25) 
Trfc = 0, 

and where R and V/c are in L 2 {T?) and satisfy the smallness assumption (12. ip . 

In order to motivate our choice of u(0, x, u), we investigate the regularity of the lapse 
a, which by (12.121) satisfies the following equation: 

cr 1 ^ (a) = -V N ti9 - \9\ 2 - R NN . (2.26) 

Since R is in L 2 (£), (I2.26P implies that a has at most two derivatives in L 2 (£). Thus, 
u(0, x,u) has at most three derivatives with respect to x in L 2 (S). This is not enough to 
satisfy Clc (i.e. to obtain the boundedness of the parametrix at t = in L 2 ). In fact, 
the classical T*T argument (see for example [TH]) relies on integrations by parts in x and 
would require at least one more derivative since £ has dimension 3. 

Alternatively, we could try to use the TT* argument which relies on integrations by 
parts in u. Indeed, R being independent of u>, one would expect the regularity of w(0, x, u>) 
with respect to uj to be better. Differentiating (I2.26P with respect to w, we obtain: 

a- l ^{d u a) = 2fV N a + ■■■ , (2.27) 

where the term on the right-hand side comes from the commutator [d u , ^k] (see section [7]). 
Thus, obtaining an estimate for d u a from (I2.27P requires to control V^a. Unfortunately, 
(I2.26P seems to give control of tangential derivatives of a only. This is where the specific 
choice of u(0,x, u) comes into play. 

Having in mind the equation of minimal surfaces (i.e. tr# = 0), condition Clb suggest 
the choice tr# — k NN = 0. Unfortunately, this equation together with (I2.26P does not 
provide any control of Vjvgl We might propose as a second guess natural guess to take 
instead tr# — k NN = Vatgl Plugging in (I2.26P yields an elliptic equation for a: V 2 N a + 
a _1 ^(a) = — \9\ 2 — Vat(/ctvjv) — Rnn- This allows us to control V 2 N a in £ 2 (£). However, 
Vjva is at most in H l {Y?) which does not embed in L°°(E) - since £ has dimension 3 - so 
that condition Clb is not satisfied. To sum up, the first guess tr# — k NN = satisfies 
Clb, but not Clc, whereas the second guess tr6* — k NN = Vatci might satisfy Clc, but 
does not satisfy Clb. 
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The correct choice is the intermediate one: 



tr9 - k NN = 1 - a. (2.28) 

We will see in section 0] that a — 1 belongs to so that Clb is satisfied. Also, 

plugging (E2BJ in ( BID y ields: 

V N a - a -1 ^(a) = |#| 2 + V N {k NN ) + R NN . (2.29) 

This parabolic equation will allow us to control normal derivatives of a. In turn, we will 
control derivatives of a with respect to u> using (I2.27p . Ultimately, we will prove enough 
regularity with respect to both x and u> for Clc to be satisfied. 



2.6 Main results 

From now on, we will not make any further reference to the space-time M.. Instead, 
we will work only with the initial data set (E,g,k). Thus, since there can be no more 
confusion, we will denote w(0, x, lo) simply by u(x, lo). To u, we associate P u , a, N, 9 and 
K as in section 12.21 For 1 < p, q < +oo, we define the spaces L^L g (P u ) for tensors F on 
E using the norm: 

\\F\\lZlhPu) = (Jj\ F \\ P L *{p u ) du 

Remark 2.3 In the rest of the paper, all inequalities hold for any u e § 2 with the constant 
in the right-hand side being independent of u. Thus, one may take the supremum in u 
everywhere. To ease the notations, we do not explicitly write down this supremum. 

We first state a result of existence and regularity with respect to x for u. 

Theorem 2.4 Let (E,g,k) chosen as in section lKT\ There exists a scalar function u on 
S x S 2 satisfying assumption Cla and such that: 

\\ a ~ 1||l^l 2 (p„) + l|Va|| L oo L 2 (Pii) + \\a - 1||l°°(e) + ||yVa|| L 2 (E) < e, ^ 
\\trO - k NN \\ L <x>(E) + ||V0||l2( S) + ||^||l2(s) < e, ' 

where P u , a, N, 9 and K are associated to u as in section l27B . 

Notice that condition Clb is implied by (12.301) . In order to state our second result, we 
introduce fractional Sobolev spaces H b (P u ) on the surfaces P u for any 6 6 1 (see section 
15.61 for their definition). We have the following estimate for V^a, and improved estimate 
for Vatgl 

Theorem 2.5 Let (£,<?, k) chosen as in section lKTi Let u the scalar function on E x §> 2 
constructed in theorem \2.J\ and let P u , a, N, 9 and K be associated to u as in section 
HOI We have: 

||V w a||^ L 4 (Pti) + HV^all^.!^ < e. (2.31) 
The third theorem investigates the regularity of u with respect to u: 
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Theorem 2.6 Let k) chosen as in section \2~T\ Let u the scalar function on £ x § 2 
constructed in theorem \2.J\ and let P u , a, N, 9 and K be associated to u as in section 



EE We have: 

\\d u a || L oo (s) + \\fd w a\\ L o. L 2 { p u) + ||y 2 <9 w a|| L2(s) + || V^aH^i 



+l|V i v^a||^ if _i (Pi4) + ||V iV ^a|| i , if _3 (Pu) + ||V^|| L2(s) < e, 

||0 u JV||l»(e) < 1, (2.32) 



\\dla\\ LlHhpu) + ||^a||^ H , (Pu) + HV^all^j^ + ||V^|| i2(2) < e, 

II^^IU-(E) < 1,(2.33) 

and 

WfaWzKM < 1- (2-34) 

Remark 2.7 In order to prove Theorem \2.4\ Theorem \2.5\ and Theorem \2.6[ we will rely 
in a fundamental way on the choice (12.281) for u, and on the structure of the constraint 
equations in the maximal foliation (12.251) . 



2.7 Coordinate systems on P u and £ 

In order to prove Theorem 12.41 Theorem 12.51 and Theorem I2.6[ we will use embeddings on 
the level surfaces P u of u. These embeddings are discussed in section [3j and their proof 
will require in particular, the existence of a suitable coordinate system. The following 
proposition establishes the existence of a global coordinate system on P u . 

Proposition 2.8 Let oj E § 2 . Let $ u : P u -» T w § 2 defined by: 

<$> u {x):=d w u{x,u), (2.35) 

where T U E> 2 is the tangent space to § 2 at u>. Then $ u is a global C l diffeomorphism from 
P u toT^ 2 . 

The following proposition establishes the existence of a global coordinate system on 
£ and provides the control of the determinant of the corresponding Jacobian. This will 
turn out to be useful to control the parametrix at t = given by (jl.4p . which corresponds 
to step C2 (see [22]). 

Proposition 2.9 Let u G § 2 . Let $ : £ ->■ M 3 defined by: 

$(x) := u(x, u))u + d^u^x, u) = u(x, lo)lo + & u (x), (2.36) 

where Q u has been defined in (I2.35p . Then $ is a bisection, and the determinant of its 
Jacobian satisfies the following estimate: 

HI det( Joe $) | -1||l~(s) <£■ (2.37) 
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2.8 Additional estimates 



Below, we provide several additional estimates. These are consequences of Theorem 12.41 
Theorem 12.51 and Theorem 12.61 that will be needed in steps C2 and C3 (see respectively 
[22] and [23J). We start with a first proposition. 

Proposition 2.10 Let (Y,,g,k) chosen as in section [Ol Let u the scalar function on 
Ex§ 2 constructed in theorem \2.4\ and let N be associated to u as in section lKM For all 
x G E and u> G § 2 ; we have: 

\N(x,u) + N(x,-u)\<e. (2.38) 

Also, we have: 

\\N(x,u) -N(x,u')\ - \u-u'\\ < \u-u'\(e + \u-u'\), Vx G Y,,u,u' G § 2 . (2.39) 
Finally, let v G § 2 and <fe v the map defined in (12.361) . Then, we have: 

u(x,u>) — <& v (x) ■ u = 0(e\ui — u\ 2 ), 

d u u(x, u) - d u ($ u (x) ■ to) = 0{e\u -v\), (2.40) 
dlu(x,cu)-dl(^(x).co) = 0(s). 

We introduce the family of intrinsic Littlewood-Paley projections Pj which have been 
constructed in [9] using the heat flow on the surfaces P u (see section 15.11 for their main 
properties). This allows us to define the following Besov space B for tensors F on E: 

= J2 2j W P j F \\L~L H P u ) + \\P<oF\\ L ~ L2(Pu) , (2.41) 
i>o 

where P <0 = ^2j <0 Pj- In particular, one can show that a scalar function belonging to 
B also belongs to L°°(S) (see [H]). Now, as recalled in the introduction, the reason for 
requiring condition Clb for u is that a crucial space-time quantity has been proved to 
be in L°° in [13] relying on a transport equation (the Raychadhouri equation) so that 
the corresponding quantity at t = should be in L°°(E). However, pseudodifferential 
operators of order do not map L°° to L°° which forces the authors in [T3] to actually 
prove a stronger estimate. In fact, they work with a Besov space which both embeds 
in L°° and is stable relative to operators of order 0. In turn, this forces us to obtain a 
stronger version of condition Clb. This is the aim of the following proposition: 



Proposition 2.11 Let (E, chosen as in section \2J\ Let u the scalar function on 
E x §> 2 constructed in theorem \2.J\ and let P u , N and 9 be associated to u as in section 
HH We have: 

\\tr6-k NN \\ B <e. (2.42) 

Using the geometric Littlewood Paley projections Pj together with the estimates for 
Vjva in (I2.30p . and the estimate for V 2 N a in (I2.3ip . we obtain the following proposition: 

Proposition 2.12 Let (E,g,k) chosen as in section [Ol Let u the scalar function on 
E x §> 2 constructed in theorem 2.4, and let a and N be associated to u as in section \2~2\ 
For all j > ; there are scalar functions a{ and a J 2 such that: 

Vato = a{ + a J 2 where \\a{\\ L 2^ < 2~ie and || II j l 2 (s) ^ 2*£- (2.43) 
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Remark 2.13 Recall from section \KR that we do not have enough regularity in x to apply 
the T*T method. Alternatively, we could try the TT* method which relies on integration 
by parts in u. But d^u G L^ c (£) is also not enough and we would need at least one more 
derivative in u (see also Remark \7. 6] ). Nevertheless, we will prove in a subsequent paper 
that the regularity of u both with respect to x and uj obtained in this paper is enough to 
show that condition Clc is satisfied. 

The rest of the paper is as follows. In section [3j we prove various embeddings and 
estimates on P u and S which are compatible with the regularity for u obtained in The- 
orem 12.41 In section HJ we prove Theorem 12.41 In section [51 we recall the properties of 
the geometric Littlewood-Paley projections Pj introduced in [9]. We then prove several 
commutator and product estimates, as well as estimates for some parabolic equations on 
S. In section El we prove Theorem 12.51 In section [3, we prove Theorem 12.61 In section [HI 
we prove Proposition 12.81 and Proposition 12.91 Finally, Proposition I2.10[ Proposition 12.111 
and Proposition 12.121 are proved in section [9j 



3 Calculus inequalities 

3.1 The Sobolev embedding on E 



Recall from section 12.11 that there is a global coordinate system on (E, g, k) relative to 
which we have 

\\^<g^ee<m 2 - (3.1) 

Lemma 3.1 Let f a real scalar function on S. Then: 

n/y (s) < iiwiuhe). (3.2) 

Proof We may assume that / has compact support in S. In the global coordinate 
system x = (xi,x 2 ,x 3 ) on E satisfying (13. ip . we have: 

i 

rxi rX2 rX3 

x 2 ,x 3 )\i = / d 1 f(y,x 2 ,x 3 )dy d 2 f(x 1 ,y,x 3 )dy d 3 f(x 1 , x 2 ,y)dy 

J — oo J— oo J— oo 

< (/ ^2, a: 3 ) |g?2/^ ^ \d 2 f( y x 1 ,y,x 3 )\dy^j (j \d 3 f(x 1 ,x 2 ,y)\dy^j . 

Hence, 

3 

x 2l x 3 )\^dx 1 dx 2 dx 3 
< ( / \d 1 f(x 1 ,x 2 ,x 3 )\dx 1 dx 2 dx 3 ) ( / \d 2 f(x 1 ,x 2 ,x 3 )\dx 1 dx 2 dx 3 



< 



\d 3 f(x 1 , x 2 , x 3 )\dxidx 2 dx 3 
|V/(xi, x 2 , x 3 )\dx\dx 2 dx 3 



2 
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Now in view of the coordinates system property (13. ip . we deduce from the previous 
estimate: 

( / 1/0*0 1* \Z\g^\dx 1 dx 2 dx 3 ) < / \Vf(x)\^/\g^\dx 1 dx 2 dx 3 
as desired. ■ 
As a corollary of the estimate (13. 2p . we may derive the following Sobolev embeddings. 

Corollary 3.2 Given an arbitrary tensorfield F on E, we have 

\\F\\lhx) < ||VF|| L2(E) . (3.3) 



Proof We use $L2$) with / = |F| 4 : 

II^1Il6(e) = II 1^1 llii^) ~ lll-^I^VFUii^) < ||VF|| L 2 (E) ||F||| 6(S) 
which yields (13. 3p . 



3.2 Embeddings compatible with the foliation generated by u 
on E 

We assume the existence of a real function u on E. We define the lapse a = \Vu\~ 1 , and the 
unit vector N such that Vw = a~ Y N . We also define the level surfaces P u = {x / u(x) = u] 
so that N is the normal to P u . In this section we establish some basic calculus inequalities 
with respect to the foliation generated by u on E in the strip S defined by: 

S = {x such that - 2 < u(x) < 2}. 

These calculus inequalities will be used in all subsequent sections of the present paper. 
We will use the following assumptions, which are consistent with our assumption on R 
and our choice of bootstrap assumptions (see (I4.9p . (I4.10p . ( 14. lip . (I4.12p ): 

||-R|U 2 (s) + \\a - 1|U°°(S) + ||yVa|| L 2 (5) + || Va|| L2(5) + ||tr6>||z,6( 5) 

+ ||V0||l2(5) + ll a-1 yo|Up ai2] £*(P») + II^IUp 2j2] i 4 (F u ) + l|-^IU 2 (S) <S \ ' ' 

for some small enough constant 5 > 0. 

Let fi u denote the area element of P u . Then, for all integrable function / on S, the 
coarea formula implies: 

fdT, — I / jad[i u du. (3.5) 



IS J-2JP U 

It is also well-known that for a scalar function /: 



5K*) = I(s + W,1,fe (3 ' 6) 
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For 1 < p, q < +00, we define the spaces L p _ 2 2 ^L q (P u ) using the norm 

ll^llif_ 2ia] w(p«) = 

In particular, in view of the assumptions (j3.4p for a, L P __ 22 ^L P (P U ) coincides with L P (S) 
for all 1 < p < +00. We denote by 7 the metric induced by g on P u , and by y/ the induced 
covariant derivative. We define the space ff 1 (S') for tensors F on S using the norm 

\\F\\m(s) = (Il-^lli2 (5) + ||VF||| 2(5) ) 1/2 . 

A coordinate chart U C P u with coordinates x x ,x 2 is admissible if, relative to these 
coordinates, there exists a constant c > such that, 

c" 1 !^ 2 < 1ab(p)Z A Z B < c|C| 2 , uniformly for all p <E U. (3.7) 

We assume that P u can be covered by a finite number of admissible coordinate charts, 
i.e., charts satisfying the conditions (13 .7p . Furthermore, we assume that the constant c in 
(13.71) and the number of charts is independent of u. 

Remark 3.3 The existence of a covering of P u by coordinate charts satisfying (13.71) with 
a constant c > and the number of charts independent of u follows from Proposition l^.gl 

Under these assumptions, the following calculus inequality has been proved in [9]: 

Proposition 3.4 Let f be a real scalar function. Then, 

ll/IUw < \\ff\\L H P n ) + H/Hlw (3.8) 

As a corollary of the estimate (I3.8p . the following Gagliardo-Nirenberg inequality is derived 
in [9]: 

Corollary 3.5 Given an arbitrary tensorfield F on P u and any 2 < p < 00, we have: 

\\f\\»w s wnvfpjnhm + \\f\\l HPu) . (3.9) 

As a corollary to (13. 8p it is also classical to derive the following inequality (for a proof, 
see for example [7] page 157): 

Corollary 3.6 For any tensorfield F on P u and any p > 2, 

\\F\\l°°(p u ) < WfF\\ LPi p u) + \\F\\ LP{Pu) . (3.10) 

Below, we state and prove several embeddings with respect to the foliation generated 
by u on S. The difficulty is to obtain these estimates while using only assumptions that 
are compatible with the regularity for u obtained in Theorem 12.41 

Proposition 3.7 Let F be a tensorfield on S such that F G iJ 1 (5'). Assume also (|3.4|) . 
Then F belongs to L^ 22 ,L 4 (P U ). 
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Proof 

\\F(u,.)\\l (Pu) = ||F(-2,.)||V 2 ) ( 3 - U ) 
+4 f [ V N F(u',x') ■ F(u',x')\F(u',x')\ 2 du'dft u/ 

J -2 JP U , 

+ I [ ti9\F(u',x')\ A du'dfx u i 

J -2 JP. 



< ||F(-2,.)|| 4 i4(P _ 2) + ||V W F|| L2(5) ||F||| 6(5) 

+ ll tr 0|U 8 (S)||-F|| I ,24/5(5) 

~ \\ F (- 2 i •)lli 4 (P_ 2 ) + ll V JV^|U2(5)||F|| i6 ( S ) + 1 1 F 1 1 L i a , 24/ 5 

[ — 2,2J 



where we used the assumption (13. 4p for tr# in the last inequality. Replacing F with ip(u)F 
where ip is a smooth function such that </?(— 2) = 1 and (p(2) = 0, and proceeding as in 
(13. lip , we obtain: 

\\ F (- 2 1 -)\\l*(P-2) ~ 11^-^11^(5)11^1^6(5) + \\F\\ L U L 24/5(p u) + 11-^111,4(5), (3-12) 

I 2,2J 

which together with (13. lip yields: 

11^(^,0 Ili«(p„) ^ ll v iV^|U 2 (5) 11^1116(5) + H^Htp L 24/5 (Pu) + ||^||l 2 (S)||^|||6 (5) - (3.13) 

This concludes the proof by taking the supremum in u on the left-hand side, and by using 
the Sobolev embedding (13. 3p and the following estimate: 



i i 

2 



\F\\ L 12 22]L 24 /H p u) < ||^|li 6( 5)ll i71 |IZ- 22] L4(P u )- 



In Proposition 13.71 we can get rid of the assumption that F G L 2 (S). This is done in 
the following corollary. 

Corollary 3.8 Let F be a tensorfield on S such that VP G L 2 (S) and F(—2, .) G 
L 4 (P_2). Assume also (13. 4p . Then F belongs to Lj^ 22 ]L 4 (P u ) and L 6 (S). Moreover, 
ifF(-2, .) G L 2 (P_ 2 ), then F also belongs to L^ 2>2] L 2 (P„) and 

Proof The proof of Proposition 13.71 yields: 

\\F\\l^ 2] l*(p u ) 

< \\F(-2, .)\\ lH p_ 2) + \\V N F\\l 2{s) \\F\\l 6{s) + ||tre|| i6 (5)(||F|U^ 2]i 4(p a ) + \\F\\ L e {s) ), 

which together with the Sobolev embedding (I3.3p . and the assumption (13.41) for tr9, yields 
for 5 small enough: 

\\Fh r _ 2 ^(P.) £ ll^(-2,-)IU*(P- 3 ) + l|VP|U2 ( 5). (3.14) 
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This proves the first statement of the corollary. 
Now, we also assume that F(—2, .) £ L 2 (P_2). 



= ll^(-2,-)lli 2( P_ 2) 

+2 / / V nF{u , x') ■ F(u' , x')du'dfx u i 

J -2 J P. 



+ / / txe\F{u',x')\ 2 du'dii ul 

J-2JPu> (3.15) 

< ||F(-2,.)||i 2(P _, + ||V JV F|U 2(s) ||F|U 2(s) 

+ ||tr^|| L6(s) ||F|| 2 L12/5(5) 

< ||F(-2,.)||i 2{P _ 2) + ||V J vF|U 2{s) ||F|Up 22]L2(P „ ) 
+ ||tr0|| LS(s) ||F||^ 22]L2(Pu) ||F||^ 5) , 

which proves that F £ L™ 22 ^L 2 (P U ) by taking the supremum in u on the left-hand side 
and using the Sobolev embedding ( 13. 3 j) and the assumption ( 13. 4p for tr#. This concludes 
the proof of the corollary. ■ 

Proposition 3.9 Let F be a tensorfield on S such that F £ L^ 22 ^L 2 (P U ) and yF £ 
L 2 (S). Then F belongs to L\S). 

Proof 

|4 „ r . <- / II ml|4 



FH 4 i4 (5) = / \\F\\l H P u) adu < / ||F|| 4 L4(Pu) ^ 



-2 J —2 

2 



< 



(ll^lli^P^ll^lli^P^ + \\F\\h(P u) )du (3.16) 



21 L2 ( P «) 



< ll^lli- (\\fni H s) + \\nL^ 2]LH pj 

where we have used (13. 9p with p — 4. 



Proposition 3.10 Lei F be a tensorfield on S such that F £ H 1 ^) and fVF £ L 2 (S). 
Assume also (13.41) . Then F belongs to L°°(S) and V^y/F belongs to L 2 (S). Moreover, 
the conclusion still holds if instead of F £ H 1 ^) we assume VF £ L 2 (S) and F(—2, .) £ 
L\P-2)- 

Proof Using (13.101) with p = 4 and Proposition 13.71 we obtain: 
ll*1U~(S) £ WfF\\ Lr _ 2 ^ {Pu) + \\F\\ Lr _ 22]LHPu) < \\F\\ m{s) + \\VfF\\ LHs) . (3.17) 

Thus, we just need to prove that Vat^F belongs to L 2 (S) to conclude the proof. Since 
fV N F belongs to L 2 (S), it remains to prove that Vjvj-F is in L 2 (S). The commutation 
formula (12. 17ft yields: 

\\[V N ,f\F\\ L 2 {S) < (\\fa\\ Lr22]LHPu) + \\0\\ Lr22]LHPu) )\\VF\\ L2[ 22]LHPu) 

+(\\R\\ LHS ) + liya|lL^ 2] L 4 (P u )II^IUp 2i2] L 4 (P u ))||^||^(5). { } 



19 



Using the Gagliardo-Nirenberg inequality (13 .9p and Proposition 13 . 71 to bound the norm in 
L^_ 22 ]L 4 (P n ) and L^ 22 ^L i (P u ) of VP and "fla, together with the estimate (13. 17j) and the 
estimate (13 .4p . we finally obtain: 



\\V N fF\\ L 2 is) 

< (1 + \\fa\\ HHS ) + \\?a\\ms) + \\f 2 a\\ L 2 {s) )(\\F\\ m{s) + \\VfF\\ L 2 {s) ). 
Next, we evaluate Vn^cl. The commutation formula for scalars (I2.18P yields: 
\\[V N ,f}a\\ L 2 (s) < {\\fa\\ Lr _ 22]LHPu) + \\0\\j^ aM L*( Pv ))\\Va\\^ LHPu) , 



(3.19) 



which together with the Gagliardo-Nirenberg inequality (13. 9p and Proposition 13.71 to 
bound the norm in Z|_ 22 ]L 4 (P U ) of J/a, and the estimate (13 .4p . implies 



\\V N fa\\ L 2 {s) < \\fV N a\\ L 2 {s) + (\\fa\\ m(s) + 5)(\\fVa\\ L 2 {s) + || Va|| L2(s) ). (3.20) 

Using again (13. 4p . we deduce for S > small enough: 

\\V N fa\\ LHS) < 6. (3.21) 

Finally, we conclude the proof in the case where F G H 1 (S) using (I3.19P together 
with the smallness assumption (13. 4 p and (I3.2ip . In the case where VF G L 2 (S) and 
F(— 2, .) G L 4 (P_ 2 ), we proceed in the same way except that we use Corollary 13.81 to 
bound P in L™ 22] L\P U ). U 



Proposition 3.11 Let F be a tensorfield on S such that f 2 F G L 2 (S), V N F G L 2 (S) 
and fF(-2,.) G L 2 (P_ 2 )- Assume also ([33]). Then fF belongs to L^ 22] L 2 (P U ) and to 
L\S). 



Proof We start with the estimate of fF in L<^ 2 2 ^L 2 (P U ). We have: 
\\?F(u,.)\\h(P u) 

= \\fF(-2, .)||| 2(P a) + 2 / / V N fF(u',x') ■ fF{u\x')du'dii ul 

J -2 JP, 



+ 



f [ tr6\fF(u',x')\ 2 du'dfi u/ 

J -2 JP, 



< ||V7P(-2,.)||i 2(P _ 2) + 



/ / fV N F{u',x')-fF{u' : x')du'd^ u > 

J -2 JP. 



< 



/ / [Vjv, f\F(u\ x') ■ fF{u\ x')du'dii u , 

J -2 JP U , 

||^P(-2,.)||i 2(P _ 2) + \\fiF\\„ iS) \\V N F\\v {S) 

+ \\[f, V N ]F\\ rh P Jf F \\L U2] LHP,) + \\^L T _ 2a] LHpJ\tF\\h { S) 



(3.22) 



Ll 2 , 2] L?(Pu) 
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where we used in the last inequality an integration by parts and the Gagliardo- Nirenberg 
inequality (13. 9p . Now, using the commutator formula (I2.17p . we have: 

ll[y ' v " 1F|l wV.> (3 - 23) 

< \\a- l faV N F-efF + R K F + ea- l faF\\ , 

L [-2,2] ^ u > 

< \\a- l fa h r _ 22] mp u )\\V N F\\ L 2 {s) + \\9\\ Lr _ 22]LHPu) \\fF\\ L 2 {s) 

+(\\R\\l*(s) + WBa-ya \\ms))\\F\\ L ^ 2] LHPu) 

< (\\R\\lhs) + \\0\\l^ 22] l^p u) + Ho-^a |Up 2j2] ^(P„))(||V iV F|U2 (s) + \\fF\\ Lr ^ 2]LHPu) ), 

where we used in the last inequality the Gagliardo- Nirenberg inequality ( 13. 9p . ( I3.22p and 
(l3~23j) yields: 



\?F(u,.)\\h { P, 



) 



l 2 (P-2) + (1 + ll-R|U 2 (s) + ll^l|Lp 22] L 4 (p u ) + \\a l fa \\l™ 22] li(p u )) 



x(iiv^fiii 2(s) + \\fF\\ Lr _ 22]L 2 {Pu) \\rF\\ L 2 {s) + wrnUs))- 

Finally, taking the supremum in u and using the assumption (13 .4p implies: 

\\fF\\ Lr _ 22]L 2 {Pu) < \\fF(-2, .)\\ L 2 (P _ 2) + \\f 2 F\\ L 2 (s) + \\V N F\\ L 2 {S) . (3.24) 

Next, we estimate of ^JF in L 4 (S). In view of Proposition 13. 9[ we have: 

\\?F\\lhs) < WfnL^s) + \\fF\\ Lr _ 22]L 2 (Pu) . 

Together with (I3.24p . this concludes the proof of the proposition. ■ 

Proposition 3.12 Let F be a vectorfield on S such that F(-2, .) G L 2 (P_ 2 ), fF G 
L 2 (S), and VnF = + F2 where f\ is a scalar function on S such that j\ G L 2 (S) and 
F2 is a vectorfield on S such that F2 G L 4 ^ 3 (S). Assume also (13.41) . Then F belongs to 

Proof 

\\F(u,.)f L HPu) Z II^(-2,-)II| 2( p_ 2 )+ f_ i V N F-Fd^du' 
+ 



2 J p., 



< 



[ [ tT6\F\ 2 dpL u ,du' 
J -2 Jp u , 

\\F(-2, .)\\h(P- 2 ) + I" [ (ffi + F2) ■ Fd^du' 
J -2 Jp. 



+||tr0|U 6(s) ||F|| 



2 



< 



L " r ( 5 ') u (3.25) 
\\F(~2, .)\\h(P-2) + J J fx^Fd^du' 
+ II^IL4/3 (5) ||F|| L4(5) + |M|| i6(5) ||F||^ (g) 

^{\\yF\\ L 2 {s) + \\F\\ LT _ 22]L 2 {Pu) ) 

+ ||tr^|| L6(5) (||y7F||l 2(5) ||F||| 

2] l 2 (p u ) + \\F\\l™ 22] l 2 (p u )) 
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where we have used Proposition 13.91 to bound ||F|| L 4( 5 ), and ( 13. 9 p with p = 12/5 to bound 
|| .F || £i2/5(g). This concludes the proof by taking the supremum in u on the left-hand side 
and using the assumption (13 .4p . ■ 



3.3 The Bochner identity and consequences 

We recall the Bochner identity on P u (which has dimension 2). This allows us to control 
the L 2 norm of the second derivatives of a tensorfield in terms of the L 2 norm of the 
laplacian and geometric quantities associated with P u (see for example [9] for a proof). 

Proposition 3.13 Let K denote the Gauss curvature of P u . Then 

i) For a scalar function f : 

I \tf\^u= I IA/IVu- / K\ff\W (3.26) 

J P u J P u J P u 

ii) For a vectorfield F a : 



\fF\' t i u = \^F\'fx u - K(2\fF\ 2 -\dfvF\*-\cuflF\ 2 )fM u + K 2 \F\ 2 p: u , 

P u J P u J P u J P u 

(3.27) 

where dfvF = ^ ab y b F a , cuflF = dfv(*F) =e ab f a F b . 

Remark 3.14 As a consequence of (13.271) together with a L°°(P U ) estimate for tensors, 
we have the following Bochner inequality for tensors F on P u (see JM/ for a proof): 

\\f 2 F\\ LHPu) < \\£F\\ L 2 {Pu) + \\K\\ LHPu) \\fF\\ LHPu) + \\K\\ 2 LHP jF\\ L2{Pu) . (3.28) 

Using Proposition 13.131 we obtain the following proposition: 

Proposition 3.15 Let f be a scalar function on S such that 2, .) G L 2 (P_2), Vat/ G 
L 2 (S) and fcf G L 2 (S). Assume also (J33D- Then f 2 f belongs to L 2 (S) and ff belongs 

Proof The Bochner identity (I3.26P implies: 



itfhns) < iiA/iu 2( s) + ii^iy/i 2 iii( 2 (s) 

< ||A/|U 2 (5) + ll^llK( 5) liy/l|L^) 

< \\Ml H s) + ll^ll^diy/ll^.^^liyVll^ 

+\\ffh r _ 2>2] LHPu)) 



(3.29) 



where we have used Proposition 13.91 Thus, it just remains to prove that y/f belongs to 
L|^ 2 2 jL 2 (P u ). In order to use Proposition 13 .121 . we have first to estimate [Vat, ^}f, which 
is given by the commutator formula (I2.18p . We estimate [Vn,^]/ m L 2 _ 2 2 jL 4//3 (P u ): 
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Thus, V N ff = ffi + F 2 where f x = V N f belongs to L 2 (S) and F 2 = [V N , f]f belongs to 
L 2 _ 2 2 jL 4 / 3 (P u ). According to Proposition 13.121 and using assumption (13 .4p . this implies: 

\\?f\\L r _ 22] L>(P u ) < \\vf\\ LHS) + WtfWms) + 6\Wh r _ 2M v>(P u ). 

For 5 > small enough, this yields: 

\\ffh r ^ 2] mP u) < ||V/|| L2(S) + \\f 2 flimsy 
Together with (13.291) . this implies: 

Wf 2 f\\mS) < l|V/|| i2(5) + 11^11^)11^/11^(5) 

which concludes the proof since ||i^|| 1,2(5) < 5 for a small 6 > in view of assumption 

dS3D- ■ 



3.4 Parabolic and elliptic estimates 

In the proof of Theorem 12 .41 and Theorem I2.6[ we will often encounter parabolic equations 
of the following type: 

(Vat - a~ l fi)f = hon -2 <u<2, 

(see for example (I2.29P ). In Proposition 13.161 and Proposition 13.171 below, we obtain 
estimates for such equations. 

Proposition 3.16 Let f be a scalar function on S such that: 

(Vtv - a-^)f = h on - 2<u<2, (3.30) 

where h is in L 2 (S). Assume also that /(— 2, .) and y/(— 2, .) both belong to L 2 (P_ 2 ). 
Finally, assume (13.41) . Then, we have: 

\\f\\L™ 22] LHP u ) + \\yf\\L™ 22] L*(P u ) + ||Vjv/||l2(5) + \\f 2 f\\LHS) ,~ 3^ 

' < \\h\\ LH3 ) + ||/(-2,.)|| i2( p_ 2) + ||y/(-2,.)|| L2(P _ 2) . l ' ) 

Proof We multiply (I3.30p by / and integrate on —2 < u' < u where u < 2. Using 
integration by parts together with (13.51) and (13. 6p . we obtain: 

^l/KOII^ + lla-^/ll^s, 



nlU V-lVIIL'^j 1 II" / ff II Li \o ) 

i||/(-2, .)||| 2(P a) + ~ f U [ a-hrOfd^du' + T f hfd^du' 

1 ^ J -2 J P. J -2 J P. 



(3.32) 



< ll/(-2,.)lli«(P- a ) + IMIU C9 9] LHP,) Uru2 



(P- 2 )^ll^ll^ 2 , 2] ^(^)IMII i2 _ 22]X § ( p n) 



+ ||^||l2(s)||J \\l™ 2i2] l 2 (p u )- 
Together with ([33]) and (ED, we get: 



i r _ 22]LHPu) + WffWbw ^ \\h\\h {s) + ||/(-2,.)||i 2(P _ 2) . (3.33) 
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We multiply (I3.3(jp by ft^f and integrate on — 2 < vl < u where u < 2: 
f 1 f f(aV N f)Yfd t i u ,di/+\\a- 1 ' 2 fcf\\ 

J -2 JP„, 

hfcfadnu'dv! < \\h\\ L 2 {s) \\^f\\ L 2 {s) . 



12 

lL2(5) 



-2 J P 

u 

Using integration by parts together with (13.51) and (13. 6p . we obtain: 
1 




\\fm r22] L W + \\mh {s) 
< mm\\h(8) + wfnins)) + nw-2, .)iii 2 (P_ 2 ) + iwiw 



(3.34) 



2l |y/K-)lli 2 (P„) + ll^ 1/2 A/lli 2( 5) 

<\\\?f(-^.)\\l* {P _ 2) + f_ ] [V N ,f]fffd^du' (3 . 35) 
+ / / \ff\\i6d^ u ,du' - / YaffV N fd f i u ,du'+ IIAH^IIA/ll^fi)- 

y-2 jp u , j-2 jp u , 

Using the commutator formula (12.1 8ft . we get: 

\\mi r22] L HPu) +h- 1/2 mUs) 

< \\Yf(-^'-)\\h { P. 2 ) + II^IUp 2 , 2] ^(p u )liy/ll^ 2j2]i s/3(P u) + ll^ll^(5)IIA/IU 2( s), 

which together with (13.91) and (13. 4p yields: 



(3.36) 



(3.37) 



Since V N f = a^fif + h, (13371) yields: 

IIViv/H!^) < 5(liy/lli 2(5) + liyVlli^) + HW-2, .)lli 2( P_ 2) + \\h\\hw, (3-38) 

which together with Proposition 13.151 (13.41) and (13.371) implies: 

\\Y 2 f\\h ( s) < S\\Yf\\%(s) + IIM-2, Oil V*) + WHlnsy (3-39) 

Finally, (13331) . (1337]) . (13381 and (13391 yield Q33T$ for 5 > small enough. ■ 

Proposition 3.17 Let f be a scalar function on S such that: 

(Vat - a- l /^)f = h on - 2<u<2. (3.40) 

Assume that there exists a vectorfield H on S tangent to P u and a scalar function hi on 
S such that: 

h = dfi{H) + h x with H e L 2 (S) and h x G L*(S). (3.41) 
Assume also that /(— 2, .) belongs to L 2 (P_ 2 ). Finally, assume (13 .4p . Then, we have: 

l T ^ { p u ) + WYfWms) < \\H\\ L2{S) + INI £ * (S) + ||/(-2,.)|| L2(P _ 2) . (3.42) 
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Proof We multiply ( I3.4(jp by / and integrate on —2 < u' < u where u < 2. Using 
integration by parts together with ( 13. 5 j) and f 13 . 6 1) . we obtain: 

^ll/K-)lli 2 (P u) + ll^ 1/2 y/lli 2 (5) 

= ^ll/(-2,.)lli2 {P _ 2) + ^y y a-Hv9fdn u ,du' + J J hfd^du' (3.43) 

< ll/(-2, .)lli»(P_ a) + IMIUp M i«(P.)||/||^ 22]L | (jy + f 2 J p hfdn u ,du'. 

Taking ( I3.4ip into account, we have: 

I hfdfi u 'du' — / / dfo(H)fadii u >du' + j / fhid/j, u >du' 

-2JP U , J-2JP U , ' J-2JP ut 

/ Hffd/j, u >du'- / / a^faHfdnu'du' 

-2 JP U , J -2 JP U , 

+ j / fhidfi u /du' 

J -2 ip., 



(3.44) 



< ||y/IU2(S)||-H"IU2 ( s) + ||/|U*(s)(||a 11^(5)11^1^2(5) 

+ 11^11^(5))' 

which together with Proposition 13.91 and (13.41) yields: 

f j hfd^du' < (\\f\\ Lr _ 22]LHPu) + \\ff\\ LH s))(\\H\\ LHs) + \\hi\\ J{S) ). (3.45) 

J —2 «/P u / 

Finally, (EH]), (J33D, (I3T13|) and ( jS35D imply (EQ2j) . ■ 

In section HI we will have among other things to control # (the traceless part of 6). Now, 
according to the second equation of (12.121) . 9 satisfies an equation of the type d^v(F) = h. 
Thus, we conclude this section with an estimate that will allow us to control the solution 
to such equations. 

Proposition 3.18 Let F a symmetric 2-tensor such that trF = 0. Then: 

WfF\y iS ) < \\dfvF\\ LHS) + \\K\\l 2{S) \\F\\ LHS) . (3.46) 

Proof This follows immediately from the following identity for Hodge systems (see 
for example [T3]): 

/ (\fF\ 2 + 2K\F\ 2 ) = 2 j |d^vF| 2 . (3.47) 

J P u J P u 
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4 Construction of the foliation and regularity with 
respect to x 



This section deals with the proof of Theorem 12.41 By section 12. 1} we may assume that 
(E, g, k) coincides with (M 3 , S, 0) outside of a compact, say \x\ > 1. Notice that in \x\ > 1 
and for all u G § 2 , the scalar function x.oj satisfies the equation (I2.28P and the estimate 
(I2.30p . since a = 1, 9 = and iV = oj in this region. Thus, we would like to construct a 
function u solution of (12.281) satisfying (12.301) in a region containing \x\ < 2 and to glue 
it to x.oj in 1 < |x| < 2. Now, (12.281) is of parabolic type - see (12.291) - where u plays 
the role of time. Therefore, for each u G § 2 , we will construct u(.,u) on a strip of type 
S = {x G £ such that — 2 < u(x, oj) < 2} solution of: 

f tr6> — k NN = 1 — a, on — 2 < u < 2, (A\\ 
\ u{.,oj) = —2 on x.oj = —2. 

The rest of the section is as follows. We first prove a priori estimates consistent with 
the estimate (12.301) and valid on —2 < u < 2 for the solution u of (14. ip . We also prove 
on —2 <u<2a priori estimates for higher derivatives of the solution u of (14.11) . We 
then recall the result obtained in [2D], where we use a Nash-Moser procedure to obtain 
the existence of u solution to: 

f tr# — k^N = 1 — a, on a < u < a + T, (4 2) 

\ u = a on u = a, 

where —2 < a < 2, m is smooth, and T > is small enough. Together with the a priori 
estimates, this allows us to control the solution of (14 .2p on —2 + kT < u < — 2 + {k + 1)T 
uniformly with respect to k = 0, . . . , [4/T] in order to obtain a solution u of (14. ip on 
—2 < u < 2. Finally, we conclude the proof of Theorem 12.41 by showing how to glue the 
solution u of (14.11) to x.oj in 1 < \x\ < 2 in order to obtain a solution on S satisfying 
fl23DJ. 

Remark 4.1 In order to obtain higher order derivatives estimates for ( 14. ip . and m order 
to construct the solution of (14.21) ■uszng a iVas/i Moser procedure, we need to assume that 
(S, g, k) is smooth. We would like to insist on the fact that the smoothness is only assumed 
to obtain the existence of u solution of (14.11) . On the other hand, we only rely on the 
control of ||-R||l 2 (s) one? ||VA;||i, 2 (i;) given by (12. ip to prove the estimate (12.301) . 



4.1 A priori estimates for lower order derivatives 

Let (£, g, k) chosen as in section |2~T1 In particular, we assume: 

||Vfc|| L 2 (s) + \\R\\v {Si < e. (4.3) 

Let u a scalar function on S x § 2 , and let P u , a, N, 9 and K be associated to u as in 
section 12721 Assume that u satisfies the additional equation (12.281) . The equations (12. lip 
(I2TT2P (I2T^|) may be rewritten: 

W A N = 9 AB e B} 

W N N = -fa, V ' 7 
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r tr9 — kisiN = I — a, 
Vat<2 - a _1 ^(a) = \9\ 2 + Vjv(^JViv) + -Raw, 



and 



2#-tr0 2 + |fl| 2 = R-2R 



NN- 



(4.5) 



(4.6) 



In this section, we establish a priori estimates for a, N, 9 and K corresponding to (I2.30p 
in the region S of £ between P_ 2 and P 2 (i-e. S = {x / — 2 < w(x, w) < 2}) where w is 
initialized on x.u = —2 by: 



u(x,oS) = —2 on x.cu = —2. 



(4.7) 



Note that the first equation of (I4.5p . (14. 7p and the fact that (g,k,Y,) coincides with 
(5,0,M 3 ) for |x| > 2 yields: 



V p (a - 1) = 0, V p # = 0, V p (iV - u) = for all p e N on it = -2, 



(4.8) 



so that the subsequent integrations by parts will not create boundary terms at u = —2. 
We will assume: 

\\ a ~ l \\L^ 22] L^p u ) + \\^a\\L^_ 22] L^(p u ) + \\^ < De, (4.9) 

and 



M\\ L 2 (S) < D 2 e, 



(4.10) 



where D is a large enough constant. We will then try to improve on these estimates. 
Let us note that (14. 8p . (14.91) and (14.10p together with Corollary 13. 8[ Proposition 13.91 and 
Proposition 13.101 yield: 



||Vjva|| L 4 (5) + \\fa\\ L °° 22]L 4 {Pu) + \\fa\\ L e >{s) < D 2 e, 



and 



\0\\L? 



: P 2 ,2] i2 ( P «) ^ \\ 6 \\L^ 2] LHPu) I" \\V\\L 6 {S) 

Also, using Corollary 13 .81 (14.31) . and the fact that k = on x.o; = —2 by section I2TT1 yields: 



< D 3 e. 



(4.11) 



(4.12) 



Lp 22] L2(p u ) + || k || l- 221 l4(p u ) + ||A;||l6(s) < De. 



[-2,2] 



(4.13) 



4.1.1 Improvement of the bootstrap assumptions (14.10P 

We start by estimating 9. Since tr6> — k^N = 1 — a, we have from (14.91) : 

||tr0 - k NN \\ L °°( S ) < Ds. 
Also, the first equation of (14. 5 p together with (I4.4p yields, schematically: 

Vjvtr# = V N k NN - 2ky aN - V N a, fti9 = fk NN + 2k N . - 9- fa, 



(4.14) 
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so that: 

||Vtr0|| L 2 (s) < ||Va|| L 2 (5) + ||VA;|| L 2 (5) 

+ \\k\\L~ 22] LHPu)(if a h^ 22] L*{p u ) + P\\l^ 22] lHp u )) (4.15) 
< (D + D A e)e, 

where we have used the bootstrap assumption (14.91) . (14. lip . (14.121) and (14. 13j) to obtain 
the last inequality. We continue with the estimates for 9. The third equation in (14. 5p and 
Proposition 13.181 yield: 

\\90\\v{S) < \\ftoe\\v>w + \\Rn.\\l*( S ) + ||^|II 2( 5)II^IU*(5) (4.16) 
which together with (T43D, (jOjl . d4~T2|) and (14~T5]) yields: 

\\fe\\ms) < (D + D^)e. (4.17) 
Also, using the last equation of (14.51) . we have: 

\\Vn9\\lhs) < \\f 2 ahHs) + \\K\\v (S ) + \\R\\v(S) + PWl^s) ( 4 - 18 ) 
which together with gSD, flMD and (T4TT2D yields: 

\\V n 0\\lhs) < (D + D 6 e)e. (4.19) 
Finally (T4TT5D . d4TT7j) and (051) yield: 

\\V0\\ L 2 is) <(D + D 6 e l z)e, (4.20) 
which is an improvement of (I4.10p . 

4.1.2 Improvement of the bootstrap assumptions (14.91) 

We now try to improve (14.91) . Note first that (14. 6p yields: 

\\K\\l>(S) < \\tr9\\ 2 LHs) + \\9\\ 2 LHS) + \\R\\ LHS) . (4.21) 
Together with flO} and (T4TT2"]) . this yields: 

||tf|| £a(5) <(l + £> 6 e)e. (4.22) 
We rewrite the second equation of (14.51) as: 

(Vjv -a _1 £)(a- 1) = h, (4.23) 

where /i is given by: 

h=\9\ 2 + V N (k NN ) + R NN . (4.24) 
Using the second equation of (14.41) implies: 

V N (k NN ) = V N k NN + k(V N N, N) = V N k NN - k(fa, N), (4.25) 
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which together with (I4.24p yields: 

h=\6\ 2 + V N k NN -k(fa,N) + R NN . (4.26) 
Using HP]) . gH]), ( B32D , (jUISD and f l4T26|) . we obtain: 

|H| L2(S) <(l + J D 6 e)e. (4.27) 
Using Proposition EU6l ( Oj) . (Q]l . (l4TTTjl . KWf . f l4T23|) and (jOZD we obtain: 

H fl ~ ilUp^W + \\f a \\L~ 22] mp u) + \\V N a\\^ S ) + \\f 2 4L^s) < (1 + D 6 e)e. (4.28) 

In order to obtain estimates for yv^a and V%a, we differentiate the second equation 
of (@3D by Vtv: 

(Vtv - a _1 A)V7va = [V N , a' 1 ^ + 26V N 6 + V 2 N k NN + V N R NN , (4.29) 
Using (14.251) . we have: 

V 2 N (k NN ) = V N (V N k NN - k(fa, N)). (4.30) 

The commutator formula (I2.18P and the second equation of (14. 4p yield: 

V N (k(fa,N)) = -V N k(fa,N)-k(V N fa,N) 
+k(fa, fa) 

= -V N k(fa,N)-k(fV N a,N) (4.31) 
-V N ak(fa, N) + 6(fa, e A )k AN 
+k{fa,fa). 

Using the constraint equations (11.2|) and the fact that we have a maximal foliation yields: 

V N k(NN) = -V A k AN (4.32) 
= -dfo(k N .) - tidk NN + 9 AB k AB , 

which together with the commutator formula (12. 17p . the second equation of (14.41) . (I4.30P 
and (I4.3ip implies, schematically: 



V 2 N (k NN ) = -dft(V N k N .) + a _1 ^a Vjvfcjv. + 0fk N . + R N k + Oa^fak 



A'. 



+V N 9k + 9V N k + 9kfa + V N k(fa,N) . , 

+k(fV N a } N) + V N ak(fa, N) [ } 



+6k + k(fa, fa). 
We use the twice-contracted Bianchi identity on E 



V J 'i2y = ^V.i?, (4.34) 



together with the constraint equations (11.21) to express Vat-R 



■NN- 



V N R NN = -V A R AN + k-V N k (4.35) 
= -dft(R N ) + tr6R NN - BabRab + k ■ V N k. 
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Finally, we use the commutator formula ( I2.20p for a scalar /: 

a[Vjv, a~ l fi\a = -tv9^a - 20 ■ f 2 a + 2a~ l fa ■ fV N a - 2R N . ■ fa (4.36) 
-ftrO -fa -29- a' 1 fa ■ fa. 

(1429|) . (14T33|) . fT05|) and fT06|) yield: 

(V J v-a- 1 ^)V Jv a = d^( J ff) + /ii, (4.37) 

where the tensor H is given by 

H = -V N k. N -R.N, (4.38) 
and where the scalar hi is given schematically by 



hi = -a~Hi9^a - 2a- 1 6f 2 a + 2a~ 2 fafV N a - 2R N a~ l fa - ftrOa^fa 
+26\a- l fa \ 2 + 20V N 9 + a^fa V N k N . + V9k + 6Vk + R N k 
+9a~ 1 fak N . + 2kV N k + V N k(fa,N) + k(fV N a,N) 
+V N ak(fa, N) + 6k + k(fa, fa) + OR. 



+\iha\\LHs) + \\K\\ifi(S) < (1 + D 9 e)e, 



(4.39) 



We estimate H in L 2 (S) using (TOD: 

11^11^(5) < \\Vk\\ LHs) + ||i?|| L2(5) < 2e. (4.40) 
We estimate /i in L 2 _ 2 2 ]Ll(P u ): 



x(||y 2 a|| L2(5) + ll^all^s) + ||^|U-(^) + \W\\v (S) + ||Vfc|| L 2 (s) ( 4 - 41 ) 
+ liy«ll!4( S ) + P\\l HS ) + \\VNa\\l Hs) + \\k\\ 2 LHs) ) 



which together with gSD, gSD, (OH]) . (HTTll . (Q2j) and (jUSD yields: 

< L>V. (4.42) 



L [- 2 , 2 ] L:j ( p ") 

Using Proposition EI3 (ES}, f HTT]) . flCE§, (Q7|l . ( jOOj) and ( fQ2]l we obtain: 

II V^a|| ip22]L2( p u) + ||yV^a|U 2(s) < (1 + £> 9 e)e. (4.43) 
Now, Proposition I3TTU1 together with ($~2~Et) and P~4l?j) yields: 

> (5) 

Finally, (14321 . (jQgjl . ( B3SD and ( Olfr imply: 

||a - 21 l 2 (p u ) + l|Va|| Lf >o L 2 (Pu) + ||a - 1||l» (s) 



|a-l|U«(S) < (1 + ^D 9 ^. (4.44) 



(4.45) 



which is an improvement of (14.91) . 

Thus, there is a universal constant D such that (14 .9p and (I4.10p hold. Together with 
(H3D and fT4TT4D . this yields <^M>- 
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4.2 A priori estimates for higher order derivatives 

In addition to (14. 3p . we assume the following control on R and k: 

\\V j R\\ L 2 {s) + ||V 1+j A;|| L 2 (5) < M, for all l<j< 300, (4.46) 
where M is a large constant. The goal of this section is to prove the following proposition: 

Proposition 4.2 Let (H,g,k) chosen as in section IKT\ and satisfying (14. 46 p . Let u a 

scalar function defined on S = {x / — 2 < u(x, u) < 2}, and let P u , a, N, 9 and K be 
associated to u as in section \2.2l Assume that u satisfies the additional equation (12 . 28[) 
and is initialized on x.u = —2 by (14.71) . Then, a and 9 satisfy the following estimates: 

\\f 2 V^ l a\\ L 2 {s) + || V'a|| L2(s) + ||V^|| L2(5 ) < C(M), for all 1 < j < 300. (4.47) 

Remark 4.3 In connection with Remark \4-l\ let us insist again on the fact that the 



assumption (I4.46P is only used to obtain the existence of u solution to (14. ip . 
The proof of Proposition 14.21 is postponed to Appendix |A] 

4.3 Construction of the foliation on a small strip using a Nash 
Moser procedure 

In this section, we recall the local existence result obtained for (14.21) in [20J. Let —2 < 
a < 2, a function u on E which is smooth in u < a, and T > 0. To a function u on S, we 
associate P u , a, N and 9 as in section [2721 We then define the nonlinear map 4>: 

<p{u) = tr0 - 1 + a - k NN . (4.48) 

Using 0, we may rewrite (14. 2 p as: 

(j){u) = on a < u < a + T, . , 

u = a on u = a. 

In [20], we prove that for T > small enough, we can construct a solution u of ( I4.49p 
using a Nash Moser procedure: 

Theorem 4.4 Assume that g and k are smooth, and that u is smooth in a neighborhood 
ofu < a where it satisfies <p(u) = 0. Assume also that the lapse of u satisfies \a — 1| < 1/4 
on u < a. Then, there exists a constant T > and a solution u of (I4.49P which is smooth 
in a < u < a + T. Furthermore, T only depends on the norm of (g, k) in if 300 (£) ; and 
on the norm of u in H 300 in u< a. 

Remark 4.5 The linearized operator <f)'(u) is explicitly computed in \2U$ to be: 

<p'(u)h = a(^h + Zar l fa.Yh) - a 2 V N h - 2ak(N, fh). (4.50) 
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Thus, 4>'{u) is of parabolic type, where u plays the role of time, Vjv the role ofd t , and ^7 the 
role of d x . This is due to the fact that the nonlinear problem is itself of parabolic nature 
as exhibited by the equation of the lapse (12.291) . The estimates obtained for (I4.50p in 
exhibit a loss of derivatives which prevents us from using a standard Picard iterative 



scheme. Fortunately, these estimates are tame so that one can prove Theorem \4-4\ by 
performing a Nash Moser type iterative scheme (see JES/ )- 

Remark 4.6 We do not claim any sharpness in the Sobolev exponents appearing in the 



statement of Theorem 4-4 Our goal is to obtain an existence result with T > depending 
only on a fixed number of derivatives of (g, k) and u, no matter how large this fixed number 
is. 

Remark 4.7 There are numerous existence results in the literature for quasilinear parabolic 
equations of the form: 

d t u — F(t, x, u, d x u, d^u) = 0, (4.51) 

where F is a nonlinear map such that d t —F' is a parabolic operator (see for example [T 7 ^ ). 
The main difference between (14.491) and (14.511) lies in the fact that the 'time ' u and the 
'time derivative' Vat depend themselves on the solution u. This considerably complicates 
the analysis. Indeed, one may solve (14.511) by a standard Picard iteration scheme, while 
(I4.49P requires an intricate Nash Moser procedure. In particular, to prove that (I4.50p 
satisfies tame estimates, one has to use inhomogeneous Sobolev spaces that depend on 
u. In turn, the norms in which the converging Nash Moser sequence of Theorem \4-4\ i> s 
evaluated depend on the sequence itself (see J2U^). 

4.4 Proof of Theorem 12.41 

We apply here the strategy explained in the introduction of section HI Let < a < 4. We 
look for a solution u(.,cu) to: 

ti9 — k^N = 1 — a, on — 2 < w < — 2 + a, , . , 

u(.,co) = —2 on x.u = —2. 

Theorem 14.41 ensures that u(.,u) solution of (14.521) exists as long as \a — 1| < 1/4 and 
the norm of u(.,u) in H 300 in —2 < u < —2 + a stays under control. Now, the a priori 
estimates (14 .9p and (14.471) yield \a — 1| < 1/4 and the control of the norm of u(.,u) in 
7/300 m _2 < u < 2. Thus, we deduce the existence of u(.,u) solution of: 

tr6» - k NN = 1 - a, on - 2 < u < 2, . . 

u(.,u) = —2 on x.u = —2, 

satisfying (M . (Ofljl and rtPTft on -2 < u < 2. 

Now, we would like to glue the solution w(., u) of (14. 53j) to x.u in the region 1 < |x| < 2 
where (£, g, k) coincides with (M 3 , S, 0) by section I2TT1 We will use the following lemma. 

Lemma 4.8 Letu(.,u) the solution of (14331) satisfying P"!?]) . (I4TTU1) and P~4T1) on -2 < 

u < 2. Then, we have: 

(1 + |o;|) _1 |m - x.u\ + |Vtt - u\ < e, in {\x\ > 1} n {-2 < u < 2}. (4.54) 
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The proof of Lemma 14.81 is postponed to the end of the section. We now conclude the 
proof of Theorem 12.41 by showing how to glue u and x.oj together in {1 < \x\ < 2}. Let 
ip a smooth function with compact support which is equal to 1 on \x\ < 1 and to on 
\x\ > 2. Let u be defined on £ by: 

u = ipu + (1 — ip)x.u. (4.55) 

Then, w satisfies Cla. Also, since u satisfies (14.91) and (14. 10p in {—2 < u < 2}, since x.co 
satisfies the same estimates in \x\ > 1, and since we have (I4.54p on 1 < |x| < 2, u satisfies 
(I2.30p on S. This concludes the proof of Theorem 12.41 

Proof of Lemma 14.81 We first show that u(.,u) satisfies better estimates in this 
region due to the hypoellipticity of the parabolic-elliptic system (I4.5p . In particular, we 
obtain the following improvement of (14.471) for j = 2: 

\\f 2 Va\\ L 2 {s) + ||V 2 a|| L2(5) + || V 2 6\\ L 2 (S) < e, in {\x\ > 1} n {-2 < u < 2}. (4.56) 

In fact, C(M) in (14.471) comes from the assumption (14.461) on the norms of R and k. 
However, since R and k vanish in \x\ > 1, we may take M = in this region. Let us 
prove for example the estimate for H^V^aHx, 2 ^) in (I4.56p . the others being similar. Let 
ip a smooth function with compact support which is equal to 1 on \x\ < 1. Using (IA.1I) . 
we obtain an equation for (1 — tp)V n&'- 

{V N - a- l fi)[(l - <p)V N a] = (l-(p)h + h (4.57) 

where h is given by (IA.2[) and h is given by: 

h = -V N tpV N a + a- l flxpV N a + 2a' 1 fLpfV N a. (4.58) 

(1A.5I) and the fact that R and k vanish on the support of 1 — tp yield: 

||(1 - V )h\\ LHs) < e\\(l - V )V 2 9\\ L2{S) + e. (4.59) 

(14.91) and the fact that ip is smooth yields: 

fh\\v{S)<e. (4.60) 

Proposition EUl (Q7|l . (11351 and (OD|l yield: 

||(1 - ^)V 2 N a\\ L , {s) + ||(1 - ^)y 2 V^a|| L2(5) < v^||(l - <p)V 2 6\\ LHS ) + e. (4.61) 

In the same fashion, we adapt the analysis of (1A.7|) - (IA.24|) and we use the fact that R 
and k vanish on the support of 1 — ip to obtain estimates for ||(1 — (p)y/ 3 a\\L2^ s - ) and 
||(1 - v?)V 2 #|| L 2 (5) which yield (1436|) . 

We now use (14.561) and the fact that u = —2 on x.u = —2 to show that u and x.u are 
close to each other in the region {\x\ > 1} fl {—2 < u < 2}. Proposition 13.101 ( I4.4j) and 
( H3B1) yield: 

|ViV| < e, in {|x| > 1} n {-2 < u < 2}. (4.62) 

Since iV = u> on x.u = —2, ( I4.62p yields: 

\N-u\< e, in {\x\ > 1} n {-2 < u < 2}. (4.63) 

u = x.u on x.u = —2, so since Vu = a _1 iV, (14. 9 p and (I4.63P yield the desired estimate 
(I4.54p . This concludes the proof of Lemma 14.81 ■ 
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5 Littlewood-Paley theory on P u and consequences 



In this section, we introduce several tools which will be needed to prove Theorem 12.51 
and Theorem 12.61 We introduce and recall the main properties of the family of intrinsic 
Littlewood-Paley projections Pj which has been constructed in [§] using the heat flow on 
the surfaces P u . We then prove a crucial bound for K. This allows us to derive suitable 
commutator estimates, product estimates and estimates for parabolic equations. 

Remark 5.1 Recall that (E,g,k) coincides with (K 3 ,<5, 0) in \x\ > 2. Also, u(x,u) co- 
incides with x.bj in \x\ > 2, and so a = 1, N = oj, 9 = and K = in this region. 
Therefore, u clearly satisfies the estimates of Theorem \2.5[ Theorem \2. 6\ and of the propo- 
sitions thereafter in the region \x\ > 2. Thus, in the rest of the paper, we will restrict the 
proof all our estimates in the strip S = {x/ — 2 < u < 2} where u(x,u) is solution to: 

j tr9 — k NN = 1 — a, on — 2 < u < 2, 
u(.,co) = —2 on x.co = —2. 

5.1 Properties of the geometric Littlewood-Paley projections Pj 

In this section, we introduce and recall the main properties of the family of intrinsic 
Littlewood-Paley projections Pj which has been constructed in [S] using the heat flow on 
the surfaces P u . We recall the properties of the heat equation for arbitrary tensorfields F 
on P u . 

d T U(r)F - fiU(r)F = 0, U(0)F = F. 
The following L 2 estimates for the operator U{r) are proved in [9]. 

Proposition 5.2 We have the following estimates for the operator U(t): 

\\U(r)F\\l HPu) + [ T \\fU(T')F\\l 2{Pu) dr' < ||F||| 2(5) , (5.1) 

WfU(r)F\\ 2 L2{Pu) + rm(r')F\\ 2 L2(Pu) dr' < \\fF\\ 2 L2{s) , (5.2) 
Jo 

r\\fU(r)F\\ 2 L2{Pu) + / r'\\^U{r')F\\ 

2 l 2 {Pu)^ t ' ~ ll^1li 2 (S)- (5-3) 

J 

We also introduce the nonhomogeneous heat equation: 

d T V(r)-^V(r) = F(r), V(0) = 0, 
for which we easily derive the following estimates: 
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Proposition 5.3 Let > 0. We have the following estimates for the operator V(r): 
WfV(r)\\l 2{Pu) + [ T m(r')\\l 2{Pu) dr'< [ V(r') \\h iPu) dr', (5.4) 



o 



\\V(r)\\ 2 LHPu) + [ T \\fV(r')\\l 2{Pu) dr'< f [ V(r')F(r')df, u dr' , (5.5) 
Jo Jo Jp u 

r\\V(r)\\ 2 LHPu) + ^ r'WfVir'WL^dr' < f [ r'V{r')F{r')d^dr' , (5.6) 



o JP U 



r^\\V(r)\\l HPu) + [ T r' 2 "\\fV(r')\\l HPu) dr' < f [ r^V(r')F(r')d^ u dr' , 
Jo Jo Jp„ 

+ f r >2p - l \\V{T')\\l, {Pu) dr'. (5.7) 
Jo 

We now recall the definition of the geometric Littlewood-Paley projections Pj con- 
structed in [§]: 

Definition 5.4 Consider a smooth function m on [0, oo), vanishing sufficiently fast at 
oo, verifying the vanishing moments property: 

POO 

/ T kl d k T 2 m{T)dr = 0, \k 1 \ + \k 2 \<N. (5.8) 
Jo 

We set, mj{r) = 2 2 - J m(2 2 ' J r) and define the geometric Littlewood -Paley (LP) projections 
Pj, for arbitrary tensorfields F on S to be 

POO 

p j F= / mj (T)U(T)Fdr. (5.9) 
Jo 

Given an interval I C Z we define 

In particular we shall use the notation P<k, -P<fc, -P>fc- 
Observe that Pj are selfadjoint, i.e., Pj = P*, in the sense, 

< PjF,G>=< F, PjG >, 
where, for any given m-tensors F, G 

<F,G>= [ f ljl ■ ■ ■ P:..., J-j ...... 'h'., 

JPu 

denotes the usual L 2 scalar product. Recall also from [9] that there exists a function m 
satisfying (15.81) such that the LP-projections associated to m verify: 

= (5.10) 

3 

The following properties of the LP-projections Pj have been proved in [9]: 
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Theorem 5.5 The LP -projections Pj verify the following properties: 

i) L p -boundedness For any 1 < p < oo, and any interval JcZ, 

\\PiF\\lv{p u ) < \\F\\lv {Pu) (5.11) 

ii) Bessel inequality 

W p j F \\h(p u ) ~ W F Wl 2 (Pu) 

j 

Hi) Finite band property For any 1 < p < oo. 



\\^ p j F \\Lp(p u ) < 2 2j ||F|| Lp(Pii) 
\\P 3 F\\l P (Pu) < 2-^\\^F\\ LP{Pu) . 

In addition, the L 2 estimates 

\\fPjF\\ LHPu) < V\\F\\v iPu) 
\\PjF\\l H p u ) < 2- j \\fF\\ L . (Pu) 

hold together with the dual estimate 

\\Psfn*(Pu) z y\\n*(Pu) 

iv) Weak Bernstein inequality For any 2 < p < oo 



(5.12) 



(5.13) 



ll^llL,(P u )<(2 (1 -" b ' + 1)11^11^), 

||-P<o-^||lp(p u ) < II-^I|l 2 (p„) 

together with the dual estimates 

\\PjF\\ LHPu) <(2^ + l)\\F\\ Lp/{Pu) , 
II^<o^||l2(p u ) < \\F\\ LP ' {Pu) 

We use the Littlewood-Paley projections Pj to define Sobolev spaces H b (P u ). 
Definition 5.6 Let 6 e 1. Then, we define the Sobolev space H b (P u ) as follows: 



W F \\ 2 H b (P u ) ~ ^^WPjFWh^) + || P<qF (1 2 L 2 {Pu y 

Let us state a lemma about the action of y on H b (P u ). 
Lemma 5.7 Let < b < 1. Let F a tensor on P u such that F G H b (P u ). Then, 

fFeH b -\P u ). 
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Proof We have: 

<J2\\^f p i F \\^y (5-14) 

l>0 

If I < j, we use the boundedness of Pj on L 2 (P U ) and the finite band property for Pi to 
obtain: 

tfWWPrfPlFWm < V^WfP^W^ (5.15) 

< 2 -^'l( 1 ^2 6/ ||P i F|| i2(Pii) , 

where we used in the last inequality the fact that I < j and b < 1. 
If / > j, we use the finite band property for Pj to obtain: 

2^-i)|| PjWF || L2(Pu) < 2 ^- 1 )2iP i F|| L2(Pii) (5.16) 

< 2-1^1^11^11^), 

where we used in the last inequality the fact that I > j and b > 0. Finally, f l5.14p . ( 15.1 5p 
and (I5.16P imply: 



J2^ {b ' 1)j \\PjfF\\h(p u) < Yl (j]2- min ^ 1 -^l^l2' 6 ||P / F| 

j>0 j>0 \l>0 



L 2 (P U ) 



< ^ 2lb \\m\i HPu) 

l>0 

< IIPII 2 

~ \\ r \\H b (P u )i 

where we used the fact that min(6, 1 — b) > 0. This concludes the proof of the lemma. ■ 

We also recall the definition of the negative fractional powers of A 2 = / — jA on any 
smooth tensorfield F on P u used in [9]. 

1 r°° 

A a F = — — - r-^e^U^Fdr (5.17) 

r(-«/2) j 

where a is an arbitrary complex number with 3t(a) < and T denotes the Gamma 
function. We extend the definition of fractional powers of A to the range of a with 
3t(a) > 0, on smooth tensorfields F, by defining first 

A a F = A a - 2 • (/ - fi)F 

for < 9ft(a) < 2 and then, in general, for < ?R,(a) < 2n, with an arbitrary positive 
integer n, according to the formula 

A a F = A a ~ 2n ■ (/ - f ) n F. 

With this definition, A a is symmetric and verifies the group property A a A 13 = A a+l3 . We 
also have by standard complex interpolation the following inequality: 

\\A^^F\\ L2{Pn) < IIA-FH^HA^II^j. (5.18) 
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Using the operators A a , we complete (j5.ip - (!5.3p with: 

W^U^FWl^ + f r'\\fA- l U{r')F\\l 2{Pu) dr' < \\A- l F\\ 2 L2{s) , (5.19) 
Jo 

r\\U(r)F\\l 2(Pu) + [ T r'\\fU(r')F\\l 2{Pu) dr' < \\ A" 1 ^^, (5.20) 
Jo 

for aGl, 

U a V{r)\\l HPu) + [ T \\fA a V(T')\\l 2{Pu) dr'< f ! A^V(r')F(r')d^dr' , (5.21) 
Jo Jo Jp u 

and for < r] < 8 < 1: 

T 1+5 ||yf/(r)F||i 2(Pii) + l\ ll+ \\/AU{r')F\\l HPu) dr' < ||A-"F||£ a(5) , (5.22) 

Jo 

T 1+s \\U(r)F\\l 2{Pu) + /V +5 ||yf/(r')F||| 2(Pu) dr' < \\A^F\\l 2{s) , (5.23) 

Jo 

A\U{t)F\\\ HPu) + [ T r fS \\fU(r')F\\l 2(Pu) dr' < ||A-"F|| 2 i2(5) , (5.24) 
Jo 

A\A-'U{r)F\\l 2[Pu) + [ T r' 5 \\U(r')F\\l 2{Pu) dr' < \\ A^F^. (5.25) 



We now investigate the boundedness of A a on L P (P U ) spaces for < a < 1. For any 
tensor F on P u and any a6 8, integrating by parts and using the definition of A, we get: 

IIA^H^) + \\fA a F\\ 2 L2(Pu) =j A a FA a Fd[i u + j fA a FfA a Fd^ u 

^ u Pu 



(1 - /k)A a FA a Fd^i u = J A A a FA a Fdfi u 

Pu J Pu 

= \\^ +1 nh iPu y 

(5.26) 

Taking a = — 1 in (I5.26p . we obtain: 

liyA-^IU^) < \\F\\ L2{Pu) . (5.27) 

Below, we deduce several estimates from (I5.27p . Taking the adjoint of f)5.27p . we obtain 
for any vectorfield F: 

HA-MjvFlU^) < \\F\\ L 2 {Pu) . (5.28) 
Also, (13. 9p and (I5.27P imply for any tensor F on P u : 

IIA^FIUp^ < \\F\\ V2{Pu) for all 2 < p < +oo. (5.29) 

Taking the adjoint of (I5.29P yields: 

IIA-^H^^) < \\F\\ LP(Pu) for all 1< p < 2. (5.30) 
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Interpolating between the identity and A 1 , we deduce form (I5.30p : 

l|A- Q F|| L2(Pii) < ||F|| iP(Pii) for all < a < 1, j^— < p < 2. (5.31) 

Finally, we conclude this section by recalling the sharp Bernstein inequality for scalars 
obtained in [9]. It is derived under the additional assumption that the Christoffel symbols 
of the coordinate system (13. 7p on P u verify: 




(5.32) 



with a constant c > independent of u and where U is a coordinate chart. 

Remark 5.8 The existence of a covering of P u by coordinate charts satisfying (13. 7p and 
(I5.32p with a constant c > and the number of charts independent of u will be established 
in Proposition \8. 1\ 

Let < 7 < 1, and let be defined by: 

K, := ||A-^|| iW (5.33) 

Then, we have the following sharp Bernstein inequality for any scalar function / on P u , 
< 7 < 1, any j > 0, and an arbitrary 2 < p < oo (see [H]): 

\\Pjf\\L-iP u ) < V{l + 2-i{K^ +K^) + l)\\f\\ L * {Pu) , (5.34) 

II^<o/||l- ( p.) < (1 + ^^ + ^)11/11^). (5.35) 

Also, the Bochner identity (13.261) together with the properties of A implies the following 
inequality (see [9]): 

/ \tf\ 2 < j m\ 2 +{K^+K,) I \ff\\ (5.36) 

Thus, we need to bound in order to be able to use (I5.34p . (I5.35p . and (I5.36p . For 
5R(a) < 0, we will use the fact that for any tensor F on P u : 

+oo 

\\^ a nh(P u ) < \\P<oF\\h {Pu) + J2 2 ' 2aJ \\ P ^l HPu y (5-37) 

3=0 

which follows from the methods in [9]. Therefore, we would like to control K in L^H~ a (P u ) 
for some a < 1. This is the goal of the next section. 

5.2 Control of K in L™H-*(P U ) 

The goal of this section is to prove the following estimate. 
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Proposition 5.9 Let (E,g,k) chosen as in section HOI Let u the scalar function on 
Sx§ 2 constructed in theorem \2.4\ and let P u , N, 9 and K be associated to u as in section 
[Ql We have: 

J2 2 ~ j W P Ml^(P u ) + \\P<aK\\l~ L2{Pu) < e\ (5.38) 
j>o 



Proof Recall from flU} that: 

\\K\\ LHs) <e. (5.39) 

Also, (jZ35D and gSJ yield: 

Viv^ = tr9V N ti9 - 9V N 9 + kV N k - V N R NN , 
which together with (I4.35[) implies: 

V N K = dft(B) + b 

where 

B = R N ,,b = ti9V N ti9 - 9W N 9 + R(fa, N). 
Multiplying by a, this implies: 

V aN K = d^(Bi) + 6i (5.40) 

where 

Bi = aR N ., h = - fa ■ B + atr^Vjytr^ - a9V N 9 + aR(fa, N). (5.41) 
Using (g3D, (OP) . fl4TTT]) and ( m , we obtain: 

\\Bi\\ L 2 (S ) <£, (5.42) 

and 



H &1 Hl 2 l§(p u ) ~ II^IUp 2 , 2] £ 4 (^)ll v A^IU 2 (s) + (||- B i||L 2 (S)||^IU 2 (S))||ya|Up 22l i 4 (P„) ^ e- 

(5.43) 

In particular, (E2HD, flCTj) . (jODjl . (ET32j» and (ET35j» yield: 

IIA-V^H^cs) < e- (5.44) 
We may assume the existence of Pj with the same properties than Pj such that Pj = 

— 2 

Pj (see [9]), and for simplicity we write Pj = Pj. Also, using the fact that AA _1 = / 
and that A commutes with Pj, we obtain: 

PjV aN K = APjiPjA^VaNK), 

which together with property (iii) of Theorem 15.51 yields: 

\\PjV aN K\\ L 2 {s) < WAP^A-WaNK)^^ < 2iP ? A- 1 V aJV Al L2(5) . 
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Using property (ii) of Theorem 15.51 we get: 

j>0 j>0 

Together with (I5.44p . we finally obtain: 



E 2 - 2i H^V aA rK||i 2(5) <£ 2 . (5.45) 



To prove Proposition 15.91 we assume: 



'El-'WPjKWl r LHPu) + \\P< K\\l L2(Pu) < D\\ (5.46) 



J [-2,2] K u/ "^[-2,2] 

j>0 



where D is a large enough constant. We will then try to improve (15.46 j) . Note that (I5.36p . 
( I5.37P and (I5.46P yield for any scalar function / on P u : 

\\tf\\h (Pu) < \\Ml HPu ) + (Ds + D^)\\ff\\l HPu) . (5.47) 
The term ||P <0 ii'||L° o l 2 (p u ) is easier to bound, so we concentrate on estimating the 

[ — 2,2] 

sum J2j>o^~''\\^'j-^\\L 2 (s)- We will use the following variant of (I3.15P where we do not yet 
use Cauchy-Schwarz in u for the integral containing VatF: 

\\F\\l r _ 22]L2(Pu) < ||F(-2,.)||| 2(P _ 2) + jjV N F\\ L 2 iP J\F\\ L 2 {Pu) du {5A8) 
+ \\fF\\ L 2 is) \\F\\ L 2 {S y 2 

Using f)5.48p . the fact that PjK = on u = —2, and properties (ii) and (iii) of Theorem 
15.51 we have: 



< 



^2 2 J W P J K \\l^ 22] l\p u ) 

J2?- J ( [ \\PjK\\vM II ^ N PjK\\LHP u )du +\\P j K\\ v > ia) \\yP J K\\v {gi 
^ J (/ W P i K h 2 (Pu)\\^NPjK\\ L 2 iPu) 

du) +J2\\ p J K \\ 2 ms) 

j>0 W-2 / j> 

E 2 ^(j [ 2 H^IU 2 (f«)HVaiV^|| 



< 



where we used in the last inequality the estimate (14. 9p for a and the estimate (I5.39P for 
K. We inject the estimate: 

||V aJV P^|U 2( P u) < \\P 3 V aN K\\ L 2 {Pu) + WiVaN^P^KW^ 



41 



in We obtain: 

E 2 3 W p i K \\ 2 Lr 2 2] l 2 (p u ) 



J [-2,2] J 

i>o 

< E(ll p ^lli 2 ( S ) + 2 ^H^ v ^lli 2 ( S )) 

i>o 

+ E 2 ~' W P Ml T _^l^)\\ NaN, P 3 }K\\l U ^ { p u) + e 2 , 
which together with the estimates (I5.39P and (I5.45P for K implies: 

i>o j>o 



Now, we will prove: 

\\\V„m.PAK\\ti 

-2,2] 



WiVaN^PjlKWn 2 r HPu) <2He + De 2 ). (5.51) 



Together with (15.501) . this yields: 



i>o \i>o / 



< e 2 + D 2 e\ 



which is an improvement of (15. 46p . Thus we have: 

E 2 ~ J || J P,'^||i|» 22]L 2 ( p ii) + \\P<0K\\l™ 22] L2(P u ) ^ ^7 

which concludes the proof of Proposition 15.91 provided (15.511) holds. 
In the rest of the proof, we focus on obtaining (15.511) . We have: 

POO 

[V aN ,P j ]K= / mj (T)V(r)dT, (5.52) 
Jo 

where V{r) is satisfies: 

(d T - £)V(r) = [V aN , fc]U(r)K, V(0) = 0. (5.53) 
In view of (15.521) . we have: 

m 3 {r)\\V{r)\\ LU2]L2{Pu) dr. (5.54) 

Now, using (I5.18P and (15.261) . we have: 

r°° 2 i 

mj(r)\\V(T)\\v ( p u) dT < / m i (T)||A-3y(r)||l 2(Pu) ||yA-3y(r)||l 2(Pu) rfr 



JO 



< 



2 



OO \ o / POO 



m,(r)\\A-W(r)\\ LHPu) drj \\f^V(r)\\ 2 L , {Pu) dr 



OO 



x if / mj(r) 2 dr 



6 



<2i Lu P \\A^V(t)\\ lHPu) + ^WA-tyWfopjdT^ 



(5.55) 
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Integrating in u and using (I5.54p . we obtain: 

\\\V aN ,P 3 \K\\ LU ^ {Pu) < 2ifsup||A^y(r)|U U2]I/2(Pu) (5.56) 

rl / coo 



1-2 



^\\fhrW{r)\\l, {Pu) 



2 L 2 {Pu) dr) du 



Now, we will prove: 

\\^V(r)\\ Ll _ 22]LHPu) + £ (^ T ||yA-^(r')||i 2(Ptt) rfr'y du<e + e 2 D. (5.57) 

Together with (15.561) . this yields the wanted estimate (I5.5ip . 

In the rest of the proof, we focus on obtaining (15. 57p . In view of (I5.53P and the heat 
flow estimate (I5.2ip . we have: 

\\^V(r)\\l 2(Pu) + [ T \\fA-W(r')\\l HPu) dr'< f j tvW{r')[V aN ^]U{r')d^dr' . 
Jo Jo Jp u 

ejecting the commutator formula (12. 23 p . integrating by parts, we obtain the following 
stimate: 



Injecting the 
estimate: 

l|A-^(r)||| 2(Pu) + f T \\f^V(r')\\l 2{Pu) dr' (5.58 
Jo 

< (\\af(6)\\ LHPu) + \\f(a)6\\ LHPu) + \\aR\\ L2(Pu) ) [ \\fU{r') \\ LP{Pu) \\fA- 2 sV(r') h H P u) dr' 

Jo 

where 

2 < p < 3. 

Now, we have in view of (I5.26P and (I5.18P : 

\\fA-^V(r')\\ LHPu) < ||A-^(rO||I 2(Pu) ||yA-fT/(r')||! 2(Pu) 
which together with (I5.58P implies: 

l|A-^(r)||| 2(Pii) + f\\y^V{r')\\l 2{Pu) dr' (5.59) 
Jo 

< (hW)\\ 2 L>(P u) + 11^(0)011^^5 + \\aR\\bm) [ T'^-\W{T>)\\% {Pn) dT'. 

Jo 

The Gagliardo-Nirenberg inequality (13. 9p implies: 

r A ^-\\fU(r')\\l P{Pu) dr' 



T 



Jo 



Jo 



< 



1-2 
V 
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where we used in the last inequality the fact that: 

in view of the restriction p < 3. Together with the Bochner inequality (I5.47p . we obtain: 

!\'^-\\yu{T>)\\i P{Pu) dT> 

Jo 

< (l + D. + DV) 1 -! ^Vc/(r')||| 2( p u) dr' + ^ r r'||AC/(r / )||! 2 (P u) rfr / 

Thus, we obtain in view of the heat flow estimates (15.11) and (15. 3ft : 

rr /(|) -||Wr')|| 2 iP( P u) dr'<||^||i 2(Pu) . 
Jo 

Together with (15.591) . this yields: 

l|A-^(r)||i 2(Pii) + f T \\fA^V(r')\\l 2{Pu) dr' 



< (i + Ds + D*ey-H\\af(6)\\l HPu) + \\f(a)6\\i 2(Pu) + \\aR\\l* {Pu) )\\K\\l, {Pu) . 
Integrating in u, this yields: 



\\A-^V(t)\\ lU2]LHPu) + I" (J Q T \\n^V(T')\\l 2{Pu) dT^ 2 du 

< (1 + ^ + .D^^-idlaW)!!^^) + ||y(a)^|U 2(s) + Ha.RlUa^))!!^!!^^) 

< (l + De + D^-h 2 , 

where we used in the last inequality the estimate (!2.3Up for a and 8, the smallness as- 
sumption (12. ip for R, and the estimate (I5.39P for K. Now, since 2 < p < 3, we obtain: 

\\^V(t)\\ lU2]L2(Pu) + £ ^jjW^V{r')\\l 2[Pu) dr^ 2 du<e 2 + DM, 
which implies (I5.57p . This concludes the proof of the proposition. ■ 

Remark 5.10 The following consequence of Proposition l57^ will be useful in the next two 
sections. Proposition ^ .,91 and (I5.37P with the choice a = 1/2 imply: 

||^i||l-(-2,2) = ||A~^||l- 2i2] l2 (Pii) < e, (5.60) 

where K 1 / 2 has been defined in (I5.33p . Together with (I5.34p and (I5.35P with the choice 
7 = 1/2, we obtain for any scalar function f on P u and any j > 0: 

II^/IU~(P U ) < 2^||/|| i2(Pa) , (5.61) 
II^<o/||l-(^) < \\f\\LS(p u ). (5.62) 
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Also, f)5.60p and (15.361) with the choice 7 = 1/2 imply: 

[ \tf\ 2 < [ W\ 2 + e f \ff\ 2 - (5.63) 

Using the Bochner inequality (I5.63p . we may prove the following lemma. 
Lemma 5.11 For any 1-form F on P u , for any 1 < p < 2 and for all j > 0, we have: 

\\P 3 div{F)\\ L 2 {Pu) <2^\\F\\ LP{Pu) . (5.64) 

Proof By duality, it suffices to prove for any scalar function / on P u , for any 2 < 
p < +oo and for all j > the following inequality: 

IIW/IU,(p u )<2 2(1 -^||/|U 2 (p u ). (5.65) 

Now, using the Gagliardo-Nirenberg inequality (13. 9p . the Bochner inequality for scalar 
functions (15.63 p . and the property iii) of Theorem 15.51 for Littlewood-Paley projections, 
we have: 



2 



\fPif\\l*Pu) S \\TPjf\\L^pJf^f\\h(P u) 



■2 



< {\\^p 3 f\\ L , {Pu) + WfP.fhHP^WfPjfWh^ 

< 2 2 ^ 1 4)||/|| L2(Pu) , 

which is (15.651) . This concludes the proof of Lemma 15.111 ■ 

Let us state another consequence of the Bochner inequality (I5.63p . 
Lemma 5.12 Let < b < 2. Let f a scalar on P u such that f G H b (P u ). Then, 

ffeH b -\P u ). 

Proof We have: 

\\Pj?fhHP u) < ( 5 - 66 ) 

l>0 

If I < j, we use the finite band property of P 3 - and Pi and the Bochner inequality (15.63)) 
for scalars to obtain: 

2^- 1 )||P j yPJ|U 2(Pu) < V^WtPJW^ (5.67) 

< ^-^wm^ 

< 2-l^l( 2 - 6 )2 6 '||P^|U 2(P!i) , 

where we used in the last inequality the fact that / < j and b < 2. 
If I > j, we use the finite band property for P 3 to obtain: 

2^11^/11^ < 2^||PJ|| L2(Pu) (5.68) 

< 2-l^l"2 w ||P/|| L2(Pi) , 
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where we used in the last inequality the fact that I > j and b > 0. Finally, (I5.66p . (I5.67P 
and (I5.68P imply: 

z Efe 2 " min(6 ' 2 ' 6)bwl2 'i p ^iU 2 (^ 

i>o i>o \i>o j 

< j22 M \w\\hw 

l>0 

~ Wf\\H b (P u )i 

where we used the fact that min(6, 2 — b) > 0. This concludes the proof of the lemma. ■ 

Finally, the bound (I5.60P allows us to prove the following Hodge inequality. 
Lemma 5.13 Let F a symmetric 2-tensor such that trF = 0. Then: 

WfFW^Pu) S \\dfvF\\ LHPu) + e\\F\\ LHPu) . (5.69) 
Proof Recall the identity (I3.47P for Hodge systems: 

(\fF\ 2 + 2K\F\ 2 ) = 2 / |d^vF| 2 . (5.70) 

We have: 



K\F 

Pu 



< \\K\ 



1 2 1 



< e\\\F\ 2 \\ i 



where we used the bound (I5.60P in the last inequality. Together with (I5.70p . this implies: 



WfF\\»(P.) £ WF\\i?W +e*\\\F\ 2 \\K • (5.71) 

tl 2 [Pu ) 

Next, we estimate the last term in the right-hand side of (15.711) . We have: 
^•(IFI 2 ) = 2-^P^{\F\ 2 ) = 2- 2 ip j &fi{f{\F\ 2 )). 
Together with (15.641) . we obtain: 

2^||P i (|F| 2 )|| I/2( p u) < 2f2- 2 ^2f||F.yF| 

< 2-i\\F\\ L e {Pu) \\fF\\ L . {Pu) 

s ^HF\\i {P jm\l w 

where we used in the last inequality the Gagliardo-Nirenberg estimate (I3.9p . This yields: 



.M ,, , 

>L%(P U ) 



1 5 

I Fr II i < II F\\ 3 II V7F\\ 3 



Together with (15.711) . we obtain (15.691) . This concludes the proof of the lemma. 
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5.3 Estimates for the commutator [V a N,Pj\ 

In this section, we state several estimates for the commutator [V jv, P/]. To simplify the 
exposition, the proof are postponed to Appendix [Bl The reason we prefer to consider 
[V jv, Pj] instead of [V a jv, Pj] is because the former does not contain any N derivative in 
view of the commutator estimates ( I2.22p and ( I2.23p . We start with a first commutator 
estimate. 

Proposition 5.14 Let f a scalar function on S . Then, for any j > and for any 5 > 0, 

we have the following commutator estimate: 

W\yaN,Pj]f\\vw <4^ +S f\\L H s) +e\\A 5 f\\ Lr _ 22]LHPu) . (5.72) 
We state a second commutator estimate. 

Proposition 5.15 Let F a tensor on S . Then, for any j > and for any 5 > 0, we have 
the following commutator estimate: 

||[V oA r,P,-]P|| zU2]i2(Pli) < {\\fF\\ LHS ) + \\F\\ L ^^ Pu) ) . (5.73) 

Proposition I5.15I yields the following corollary. 

Corollary 5.16 For any P u -tangent tensor F on S such that F = on u = —2, and for 

all j > 0, we have: 

II^II^CP.) ^ (5-74) 
We state a third commutator estimate. 

Proposition 5.17 Let f a scalar function on S . Then, for any j > and for any 

< 5 < a < 1, we have the following commutator estimate: 

\\[VaN,P 3 ]f\\L U ^ { P u) < 2^||A- 5 /|| i2(S) . (5.75) 
We state a fourth commutator estimate. 

Proposition 5.18 Let f a scalar function on S. Then, for any j > and for any 5 > 0, 

we have the following commutator estimate: 

wNaN^m^s) < 2-^e(\\m L Hs) + \m\\L^ { p u) ). (5.76) 

Proposition 15.181 yields the following corollary. 

Corollary 5.19 Let a tensor F on S such that F = on u = —2, TF e L 2 (S) and 
V N F G L 2 u H b (P u ) forb>0. Then, F G L°°(S). 

We state a fifth commutator estimate. 

Proposition 5.20 Let f a scalar function on S. Then, for any j > and for any 5 > 0, 

we have the following commutator estimate: 

11^,^/11^(5) < 2>e\\A-^f\\ Lr _ 22]LHPu) . (5.77) 
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5.4 Product estimates 

In this section, we derive several product estimates. To simplify the exposition, the proof 
are postponed to Appendix O Note that all product estimates in this section are sharp 
except the first one. 

Proposition 5.21 Let < b < |. For any tensors F, G and H on P u such that F -G ■ H 
is a scalar, we have: 

\\F ■ G ■ H\\ mPu) < \\F\\ HliPu) \\G\\ HHPu) \\H\\ Hkpu) . (5.78) 

Proposition 5.22 For any P u -tangent tensor G and H on S such that G ■ H is a scalar, 
we have: 

\\G-H\\ L 2 iP ) < \\G\\ i lltfll i, . (5.79) 

Proposition 5.23 For any scalars f and h on P u , we have: 

UA||^ (Pu) < (l|/IUoo(P n) + \\ff\WtP u) )\\h\\ H ^ {Pu) . (5.80) 

Proposition 5.24 For any P u -tangent tensor G and H on S such that G ■ H is a scalar, 
and for all j > 0, we have: 

J2^\\PAG-H)\\ 2 L2{S) < \\G\\ 2 Hl{s) \\H\\l 2(sy (5.81) 
i>o 

Lemma 5.25 Let F and G two tensors on P u such that the contraction F ■ G is a scalar. 
Then, we have: 

sup 2-'||P i (F. G)\\ L2{Pu) < \\F\\ Hi{p JG\\ H . i(Pu) . (5.82) 

Lemma 5.26 Let — 1 < b < 1. Let f a scalar function on P u , and G a 1-form on P u . 
Then, we have: 

\\dfvifG)\\ Hb - HPu) < \\f\\ HHP J\\G\\ L ~ {Pu) + \\fG\\ LHPu) ). (5.83) 

Lemma 5.27 Let 1 < b < 2. Let f a scalar function on S, and G a 1-form on S . Then, 
we have: 

\\dfv(fG)\\ LlHb - HPu) < (||/||^h*(p u ) + \\f\\L~ H <>-i(p u ))(\\G\\L<~(s) + \\fG\\ Lr _ 22]L 2 {Pu) ). 

(5.84) 

Lemma 5.28 Let < b < 1. Let F a tensor on P u and h a scalar function on P u . Then, 
we have: 

\\Fh\\HKPu) ^ (\\F\\l~(p u ) + \\fF\\ L , (Pu) )\\h\\ Hb{Pu) . (5.85) 
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5.5 Estimates for parabolic equations on S 

Consider the following parabolic equation: 

(Vat - a- 1 ^ )/ = honS, (5.86) 

where / and h are scalar functions on S. In Proposition 13.161 and Proposition 13.171 we 
obtained estimates for such equations. In this section, we derive additional estimates 
involving the Littlewood Paley projections of section 15.11 We start with the following 
commutation lemma. 

Lemma 5.29 Let f satisfying equation (I5.86p . Then, Pjf satisfies the following parabolic 
equation: 

iy N -a- l ^)(P ] f) = a- 1 P J (ah) + a- l [W aN ,P J ]f on S. (5.87) 
Proof We multiply equation (I5.86P with a. We obtain: 

(V aN - f)f = ah. 

Next, we commute with Pj, using the fact that Pj commutes with ^. We obtain: 

(V aJV " MPjf) = P A ak ) + [VaN,P 3 ]f- 

Finally, multiplying with a" 1 , we get (15.871) . This concludes the proof of Lemma [5.291 ■ 

Proposition 5.30 Let f be a scalar function on S satisfying (I5.86P and such that f = 
on u = —2. Assume that there exists two tensors G and H on S on S on S tangent to 
P u such that: 

h = G • H with 11^11^,2(5) < e and \\G\\h^(s) 1z e - (5.88) 

Then, we have: 

\\f\\L r _ 2t2] mp u )<e, (5.89) 

and: 

£ {^\\ p if\\h(S) + 2 J \\Pif\\l r _ 22] L H P u) + ^ J \\P^Nf)\\l Hs) ) < e\ (5.90) 
j>o 

Proof We multiply (I5.86P by f 3 and integrate on —2 < u' < u where u < 2. Using 
integration by parts together with (13.51) and (13. 6p . we obtain: 

\\\f^-)\\Up u) + \\a- 1/2 fffT LH s) 
= \\\f(-*,-)\\Up-*) + l£J p a-Hrefd^du' + m^ hfd^dv! 

< ii^iu^^^ii/ii^^^) 
+ii /i ii^ 2 , 2] L§(P ll) ii/iiif_ 2 , 2] ^(p tl )' 
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where we used in the last inequality the fact that / = on u = —2. In view of the 
assumptions ( 15.88)) on h, we have h = G ■ H , and thus: 

W h hf_ 2 ^(p u ) ~ W G \\l^ 2] lhPu)\\H\\li{s) 
< e, 

where we used Proposition 13.71 and the estimates for G and H provided by (15.881) . To- 
gether with f)5.9ip . and the estimate (12.301) for tr6, we obtain: 

\\f(u,.)\\ L HP u ) < e + £(\\f\\L£ 2t2] L*(p u ) + ||/IU«_ 3ia] LW(p u ))- 

Taking the supremum in u on the left-hand side, we get: 

\\f\\ Lr _ 2t2] LHPu) < £ + e\\f\\ LU2]L , HPu) . (5.92) 

Next, we derive an estimate for Pjf. In view of Lemma 15.291 and since / satisfies 
(I5.86p . Pjf satisfies the following parabolic equation: 

(Vjv - a- l fi)(Pjf) = a~ l P 3 (ah) + a" 1 ^, Pj\f on S. (5.93) 

Together with the estimate (I3.3ip . we obtain: 

\\Pjf\\L r _ 2t2] Li(P u ) + \mPif)\\L£ aA m + IIW(Pi/)||L*(S) + \\t(Plf)\\L H S) 

< Wa-'Pjiah)^ + Wa-^^PjlfWvw + \\Pjf(-2,.)\\ LHP _ 2) 
+\\f(P j f)(-2,.)\\ LHP _ 2) 

< ||a- 1 P i (a/i)|| i 2 ( 5) + ||a- 1 [V aJV ,P j ]/|| L 2(5), 

where we used in the last inequality the fact that Pf = in u = —2. Using the finite 
band property for Pj and the estimate (12.301) for a, we obtain: 

2^||P,/|| L p 2i2]L2 (p ti ) + ||V w (P J /)|| L2 (5)+2^||P,/|| L2 (5) < \\Pj(ah)\\ LHs) + \\[V aN ,Pj}f\\ L * is) . 

(5.94) 

Next, we estimate the two terms in the right-hand side in (15.941) starting with the first 
one. Since ah = G ■ (aH), and in view of Proposition I5.24( we have: 

J2 2 ~ J W P Mh)\\h ( s) < \\G\\l Hs) \\aH\\l 2{s) (5.95) 

< e 2 

where we used in the last inequality the assumption (I5.88P for G and H, and the estimate 
(I2.30p for a. For the second term in the right-hand side in (15.941) . we used the commutator 
estimate (15.721) . which yields for any 5 > 0: 

||[V aJV ,P,-]/IU 2( 5)<£||A5 +5 /IU 2( 5)+£||A a /IUp 2i2] L 2 (P u ). 
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Together with (15.941) and (15.951) . we obtain: 

E ( 233 W P >f\\ 2 ms) + 2iPi/||ip 22]i2( p n) + 2^||P i (V^/)|| 

i>o 

< e 2 (l+||A^/lli 2(S ) + l|A 5 /l| 2 
Now, since S > 0, we have: 



2 

£2(5) 



(5.96) 



l|A^/lli 2( 5) + l|A d /ll 



5 J-M2 



(5.97) 



\i>o 



< 



< 



E 23 ' (1+35) ii^/ii 2 ^)+E 2J ' 35 ii p i 



i>o 



E( 23i ii p ^iiW)+ 2 'n p i/ii' 



where we chose in the last estimate < 5 < -|. Finally, (I5.96P and ( I5.97P imply: 



E 

i>o 



3 J ll£ 2 (5) 



+ 2^\Prf\\l r _ 22]LHPu) + 2->\\P 3 (V N f)\\ 



£2(5) 



< 



e . 



(5.9£ 



Next, we estimate the L^_ 22 ^H 1 (p) norm of /. Using the Bessel inequality for Pj, we 
have: 



L l-2,2] Hl (Pu) 



2 

HHPu) 



T2 

[-2,2] 



< 



< 



E 22i n p i/n 

i>o 



2 

£2(5) 



£? 



2,2] 



E 22 'ii p i/n 



L f-2,2] i2 (^) 



Thus, in view of (15.981) . we have: 



2,2] 



^2,2] L2 ( P -) I ~ 



< e\ (5.99) 

vi>o / \j>o 

In view of (I5.92p . we need to estimate ||/||x,e l 12 (p u )- Now, note that applying the 

[ — 2,2] 

Sobolev embedding (13.81) with f q for some integer q > 2 yields: 

Wf\\h W = \\f q \\L^ Pu) < \\f(f q ^)\\L H P u ) + \\f q \\L H P u) < ||/|ISi-x, (fU) ||?/||^(P.) + ||/|li.(fl,)- 

Using the previous inequality successively with q = 3,4,5,6 implies the following variant 
of the Gagliardo-Nirenberg inequality (13.91) : 



£ i2 (p„) ~ ii/ii24 (Pu) iiy 7 /iii2(p ti) 
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In particular, we obtain: 



i f-2,2]- Ll2 (- P ") 



< 



< 



1 



(5.100) 



where we used (I5.99p in the last inequality. Finally, (I5.100P and (I5.92p yield: 



L r-2,2] L4 ( p v) ~ e ' 



which together with (I5.98P implies (I5.89P and (I5.90p . This concludes the proof of the 
proposition. ■ 



We have the following extension of Proposition 13.161 
Proposition 5.31 Let f be a scalar function on S such that Pjf satisfies: 

(V N - a- 1 ^)(P i /) = h onS. 
Assume also that f = on u = —2, and that we have a decomposition for h: 

h = hi + h 2 . 

Then, we have: 

2^\P,f\\ Lr _ 22]LHPu) + 2^\\P J f\\ LHs) < WhU^ +2i\\h 2 \\ LU ^ {Pu) . 



(5.101) 



-2,2] 



(5.102) 



Proof We multiply (15 . 1 1 [) by fiPjf and integrate on — 2 < u' < u where u < 2. We 
proceed as in (13.341) (I3.35P (I3.36P (I3.37p . except that we estimate the integral in of (I3.32p 
involving h as: 



< 



a 

-2 J l\, 

u 



-2 JP„, 



h^Pjfad^i u 'du' 
hx^Pjfadfiuidu' 



h 2 ^Pjfadfi u tdu' 



2 Jp, 



^ \\hl\\Li(S)\\^Pjf\\L2(S) + \\h\\ L l_ 22] L^P u )\\M P jf)\\L™ 22] Li(P u ) 
< II^II^IIAPi/ll^) +2^1^11 L}_ 22] L 2 (P U ) 2] L 2 (Pu)i 



where we used the estimate (12.301) for a and the finite band property for Pj. We obtain 
the analog of (13.371) : 



fPjf\\%-wi?(P.) + \\t*if\\b 



Hs) 



< 



e{\\yPjf\\bw + WTiPjfWms)) + \\hi\\h is) + ^\\h 2 \\l } 



2(5); ' \\»U\l?(S) * H' t 2|lLi_ 22] L2(P u )- 



(5.103) 



Finally, (I5.103P together with the Bochner inequality (I5.63P and the finite band property 
for Pj yields (I5.102p . This concludes the proof of the proposition. ■ 
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Proposition 5.32 Let f be a scalar function on S satisfying (I5.86P and such that f = 
on u = —2. Assume that h satisfies: 

h = h 1 + h 2 with sup||Pj(a/ii)|| L 2 (S ) < 2 2j e and svp\\P j (ah 2 )\\ L i 001 l2 (Pu) < e2 3 . (5.104) 

j>0 j>0 1 ■ 1 

Then, we have: 

sup||P i /|| i2(s) + sup2-iP J -/|| xr i2(Pn) < £ . (5.105) 

Proof Recall from (I5.93P that Pjf satisfies the following parabolic equation: 
(V N - ar x fa{Pjf) = a- l P 3 {ah) + o" 1 ^, P,]/ on S. 
Together with the estimate (15.1021) . we obtain: 

V\\Pifh r _ 2 ^P u ) + 2 2 i\\P J f\\ LHs) 

< \\a- 1 P J (ah l )\\ LHs) + 2^\a- 1 P J (ah 2 )^^ 

< s2^ + 2^\[V aN ,P j ]f\\ LU2]L2(P ^ 

where we used the estimate (12.301) for a and the assumption (I5.104p on h. This yields: 

^ J \\P,f\\L r ^ 2] L H P u ) + \\Pjf\\i?w < ^ + 2- J || \W aN ,P 3 ]f\\ LU2]L2[Pu) . (5.106) 
Next, we use the commutator estimate (15.751) . We have: 

l|[V^,P,]/|U U2]i2 (P u) < 2^e\\Ar 5 F\\ L , {S) , (5.107) 
for any < 8 < a < 1. Now, for any 5 > 0, we have: 

l|A- 5 P|b ( s) < ^||A- 5 P,P|| L2(5) (5.108) 

j>o 

< ^2-^||P,P|| i2(5) 

j>o 

< SUp||P.,-/|| L 2 (s) . 

Finally, f l5TT06|) . (IfUOTj) and f lfUOSj) imply for any j > 0: 

2 _i ||Pi/|U r221 L2(p„) + \\Pjf\\tf(S) ^^ + ^sup||P j /|| L2(5) , 

1 2.2] j> 

which yields f 1 5 . 1 5 p . This concludes the proof of the proposition. ■ 

Proposition 5.33 Let f be a scalar function on S satisfying (I5.86P and such that f = 
on u = —2. Assume that h satisfies: 

J2 2 ^\\PA^)\\l HS) <e 2 . (5.109) 

Then, we have: 

E ( 23 \\PifW 2 LHs) + 2-lP J /ll! r _ 22]W) +2- 3 iP i (VW0ll!2(s ) ) < ^ (5.H0) 
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Proof Recall the estimate ( 15. 94ft : 
2^||P^|| L ^ 2]L2( p u) + ||V^(P,/)|| L2(5) + 2^||P,/|| L2(5) < ||P i (a/i)|| £9(s) + ||[V aA r > Pi]/||x a (5). 
This yields: 

E {#\\ p if\\h(S) + 2- j \\Pjf\\l r _ 22]L ^) + 2- 3 i^(W/)|| 2 L2(5) ) (5.111) 
i>o 

< E2^||P i (a/ i )|| 2 i2(s) + E2- 3 i||[V aiV ,P 7 -]/|| 2 i2(s) 

< £ 2 + E 2-^11^,^1/11^, 

where we used the assumption (15. 109H in the last inequality. 

Next, we use the commutator estimate (15.771) . which yields for any 5 > 0: 

\\\ya»,Pi]f\\*(S) < 2>e\\A-^f\\ L ~ 22]LHPu) . 

Together with (I5.11ip . we obtain: 

E ( 2j W P ifW 2 L>(S) +l- j \\m\l T _ 2 ^ {Pu) + 2- 3j ||P,(V Ar /)||i 2(5) ) (5.112) 
i>o 

\i>o / 



^ 2 , 2 i L2 ( p -) 



< . 2 (l+||A-^)/||i^ 2]L2(Pu) ). 



Now, since 5 > 0, we have: 

\i>0 / 

< V^ 2 -(2-35)j|| p. r||2 

j>0 

< E 2 3 ll- p j7lli» a L3(p n )> 

where we chose in the last estimate < 5 < |. Finally, (15 . 1 12[) and (15. 1 13j) imply (I5.110p . 
This concludes the proof of the proposition. ■ 



Proposition 5.34 Let f be a scalar function on S satisfying (I5.86P and such that f = 
on u = —2. Assume that h satisfies: 

E2-lP^)||i 2(5) <e 2 . (5.114) 

i>o 

Then, we have: 

5^ (2 3j ]|^/||i 2( ^ -h 2^||^-/||i p . 22] ^ 2( ^ ) -h 2-^||J- / (V iV /)||i 2( ^ ) ) <e 2 - (5.115) 

i>o 
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Proof The proof follows from (1535]) flEgg) flEgj BZD (EISSD- 



Proposition 5.35 Let < b < 1. Lei f be a scalar function on S satisfying (I5.86P and 
such that f = on u = —2. Assume that h satisfies: 

J2 22jb W P Mh)\\l H s)<e 2 . (5.116) 

i>o 

Then, we have: 

£ (2(^11^/11^(5) + 2^||P,/||i r _ 22]i2(Pu) + 2^||P i (V iV /)||| 2(s) ) < , 2 . (5.117) 

i>o 

Proof Recall the estimate (15.941) : 
2^||P,/|| L ^ 2]L2( p tt) + ||V w (P J /)|| L2(5) +2^||P J /|| L2(5) < WPjiah^^ + W^PjUW^s). 
This yields: 

< E 226i n^wiiW)+E 226j ii[ v 

«iV,-Pj]/||ia(S) 

< e 2 + ^2^||[V aW ,P,-]/||i 2(5) , (5.118) 

j>o 

where we used the assumption (15.1161) in the last inequality. 

Next, we use the commutator estimate (15.761) . which yields for any 5 > 0: 

\\[V aN ,P,}f\\LHs) < 2-( 1 ^%(||A/|| i2( 5) + Wffh^vm)- 
Together with (j5.118[) . we obtain: 

X; (2^11^/11^ + 2^||P i /||i r _ 22]L2( p u) + 2^1|P i (V J v / )||| 2(s)i 
j>o 



\j>o J 



■f\\h(s) + \\ff\\ 2 Lr, 22 ^{p u )) 



i- 2 , 2 ] j 

< e\l + \m\h( S ) + \\?f\\l r _ 2t2] L> {Pn) ), (5.H9) 

where we chose in the last inequality < 5 < 1 — b which is possible since b < 1. Now, 
the finite band property for Pj yields: 

2 



L 2 {S) 



Vj>0 / 

< ^(2^11^/11^^ + 2^11^/111 



L T-2,2] L2 ^> ' 



where we used in the last inequality the fact that b > 0. Together with (j5.119[) . this 
implies (I5.117P . This concludes the proof of the proposition. ■ 
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6 Estimates for V^a and V 2 N a (proof of Theorem 12.51) 

This section is dedicated to the proof of Theorem 12.51 We recall the decomposition ( I4.37P 

(Vtv - a _1 A)Vjva = dft(H) + h, (6.1) 
where the tensor H is given by 

H=-V N k. N -R.N, (6.2) 
and where the scalar h is given schematically by 



h = -a~Hv9^a - 2a- 1 6f 2 a + 2a- 2 fafV N a - 2R N a~ 1 fa - ftrOa^fa 
+29\a~ l fa | 2 + 26V N 9 + a^fa V N k N . + V9k + 9Vk + R N k 
+9a- 1 fa k N . + 2kV N k + V N k{fa, N) + k(fV N a, N) 
+V N ak(fa, N) +9k + k(fa, fa) + 9R. 



(6.3) 



We introduce the scalar functions on S a\ and a% solutions of: 

(Vtv - a -1 A )ai = /i on S, a x {-2, .) = 0, (6.4) 

and: 

(Vat - a- l ^)a 2 = dft(H) on S, a 2 (-2, .) = 0, (6.5) 
which yields, in view of (16. ip . the fact that Vato(— 2, .) = 0, the decomposition: 

Vato = ai + a,2- (6.6) 

Remark 6.1 In the right-hand side of (16. ip . the regularity of h is better than the regu- 
larity of dfv{H) (see (I6.12p ). On the other hand, we can not make sense of Vat/i, while 
the contracted Bianchi identities on £ allow us to make sense ofVNdfv(H) (see in par- 
ticular (I6.33P ). Thus, the idea behind the decomposition (16.61) is to take advantage of the 
regularity of h for a 1; and to use the structure of dfv[H) to obtain a useful equation for 
Vat02 (see (I6.39P ). We carry out this strategy in the rest of the section. 

The following two propositions state the regularity of a x and a 2 - 

Proposition 6.2 Let a x be the solution of (16.41) . where h is defined in (16.31) . Then, we 
have: 

\\ai\\L^ 22] LHPu) ^ £ , ( 6 - 7 ) 

and: 

E (^ll^iHW) + 2J W P Ml r _ 22] LHP u) + 2-1^-^011^(5)) < e 2 . (6.8) 
i>o 
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Proposition 6.3 et a 2 be the solution of (16. 5p . where H is defined in (16. 2p . Then, we 
have: 

||o 2 |U^ 2 2 ,l*(p„) < e, (6.9) 



^2 2 iP J a 2 || 4 L ^ 2]i2(Pii) <e 4 . (6.10) 

and: 



[ V2,2] i2 (- P > 1 ) 

i>o 



sup||Pj(Vjva 2 )||L2 (s) < e. (6.11) 



The proof of Proposition 16. 2l is postponed to section IBTTl while the proof of Proposition 
3] is postponed to section l6\2l In view of the decomposition (I6.6P for V^a, the estimates 
(16.71) (16. 8p for a 1; and the estimates (16. 9p (I6.10p (16.111) for a 2 , we immediately obtain the 
estimate (12.311) for V^a and V 2 N a. This concludes the proof of Theorem 12.51 



6.1 Proof of Proposition 16.2 



In view of the definition (16.31) . the scalar function h may be written as a linear combination 
of terms of the form h = F ■ G, where F is schematically given by: 

F = f 2 a + fV N a + R + V9 + {a^fa | 2 + VA: + a' 1 fa k + V(a)k, 

and G is schematically given by: 

G = 9 + a- 1 fa + k. 

In view of the estimate (12.301) for a and 8, and in view of the assumption (12.11) for R and 
k, we deduce: 

h = F ■ G with ||F|| L 2 (5) < s and \\G\\ m{s) < e. (6.12) 

Now, in view of the equation (16.41) satisfied by ax, and the decomposition (I6.12p for h, 
the estimates (16. 7p and (16. 8p are a consequence of the estimates (I5.89P and (15.901) of 
proposition 15.301 This concludes the proof of Proposition 16.21 



6.2 Proof of Proposition 16.3 

In view of the decomposition (16. 6p of Vato, we have: 

&2 = Vncl — ai 

which together with the estimate (12.301) for a and the estimates (16. 7p and (16. 8p for a\ 
implies: 

||ya 2 || L 2 (5) + \\a 2 \\ L ^ 22]L 2 {Pu) < e. (6.13) 
Next, we derive en equation for V ' a N<i2- We use the following commutation lemma. 
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Lemma 6.4 Let f satisfying the following parabolic equation: 

(V aN - A)/ = ah. 
Then, V a Nf satisfies the following parabolic equation: 

(V N -a- 1 fi)(V aN f) = V N (ah)+a- 1 [V aN ,fi\f on S. (6.14) 
Proof We multiply equation the equation satisfied by / with a. We obtain: 

(V aN - A)/ = ah. 
Next, we commute with V a 7v- We obtain: 

(V a7V " AXVatf/) = V aN (ah) + [V ' aN , fi\f. 

Finally, multiplying with a -1 , we get (16.141) . This concludes the proof of Lemma [5.291 ■ 

In view of the equation ( 16. 5 p satisfied by a 2 , and in view of the commutation Lemma 
16.41 V a Ara 2 satisfies: 

(V,v - a- l ^)(V aN a 2 ) = V N (adft(H)) + a" 1 ^, f]a 2 . (6.15) 

Next, we evaluate both terms in the right-hand side of (I6.15P starting with the second 
one. Using the commutation formula (I2.23p . we have: 

a- 1 \y aN ,fi\a 2 = h 1 + h2, (6.16) 

where hi and h 2 are given schematically by: 

h 1 = d^(9-fa 2 ), (6.17) 

and: 

h 2 = (R + f9 + 9fa)fa 2 . (6.18) 

We first estimate hi. We have: 

ahi = &/v(a9 • fa 2 ) - f(a) ■ 9fa 2 . 
In view of the estimate ( I5.64p and the sharp Bernstein inequality ( I5.6ip . we obtain: 

11^(^1)11^(5) (6-19) 

< 2%\\a6-fa 2 \\ a + 2 j \\f(a) ■ 9fa 2 \\ L 2 (s) 

< 2^\\a\\ L oo {s) \\9\\ L ^_ 22]L A (P ^\\fa 2 \\ L 2 is) + 2 3 \\f(a)\\ L ^ 22]L 4 iPu) \\9\\ L ^ 22]L 4 iPu) \\fa 2 \\ L 2 is) 

< 2¥ e , 

where we used in the last inequality the estimate (I2.30p for 9 and a, and the estimate 
( I6.13P for ^a 2 . Next, we estimate h 2 . In view of the estimate (I2.30p for 9 and a, the 
assumption (12. ip for R, and the estimate (I6.13P for )Pa 2 , we have: 

\\h 2 \\ms) < (\\R\\l^(s) + + \\6\\LHs)\\fa\\Li(s))\\Ta2\\L2(s) < £ 2 , 
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which together with the dual of the sharp Bernstein inequality ( I5.6ip yields: 

WPjiah)^^^ < 2ia||^ (5 )||/ii|Ui(s) < 2%, (6.20) 

where we used in the last inequality the estimate ( I2.30p for a. 

Next, we estimate the first term in the right-hand side of (16.151) . We have: 

aV N (adft(H)) = V aN (adft(H)) 

= V aN (a)dft(H) + a[V aN , dft\{H) + adft(V aN H), 

which together with the commutator formula (I2.2ip yields: 

aV N (adft(H)) = adft(V aN H) + h 3 + h A , (6.21) 

where h 3 and /i 4 are given by: 

h 3 = dft(V N (a)H - a6H), (6.22) 

and 

h 4 = -(f(y aN ( a )) + f(a8) + aR N . + aO ■ f(a)) ■ H (6.23) 
Now, in view of the definition of H (16. 2p . we have: 

\\H\\l^s) < l|VA;|| L 2 (5) + \\R\\ L 2 {S) < e, (6.24) 

where we used in the last inequality the assumption (12. ip on R and k. We first estimate 
h 3 . In view of the estimate (15.641) . we obtain: 

l|fMMk*(S) (6-25) 

< 2*(||v w (-)if|| wl(lw + |Mfl|| If ^ il(IM ) 

< 2^"||a||ioo( S )(||Vjv(a)|U« 2j2] i,4(p u ) + II 6, IU^ 2;2] ^ 4 (J^) ) II ^11 ^ 2 (s-) 

< 2 2 e (l + ||a 2 ||Lp 2 2] L4(p u )), 

where we used in the last inequality the estimate ( I2.30p for 9 and a, the estimate ( I6.24p for 
H, the decomposition V^a = a\ + a 2 , and the estimate ( 16 .7p for a,\. Next, we estimate h±. 
In view of the estimate (I2.30p for 9 and a, the assumption ( 12. ip for R, and the estimate 
(E23) for H, we have: 

which together with the dual of the sharp Bernstein inequality (I5.6ip yields: 

WPMWq^m < VIMlHs) < 2%- (6.26) 

Next, we estimate the first term in the right-hand side of ( I6.2ip . i.e. adifr(V a NH). 
Recall the definition of H liOjl : 

H = — Vtv&.TV — R.N" 
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We take the V q at derivative of each of the two terms in the definition of H starting with 
the first one. Using the constraint equations fll.2p and the fact that we have a maximal 
foliation yields: 

V N k NA = -V B k BA . (6.27) 

Now, we have: 

V B k BA = difrk A + tr9k NA + 9 AB k NB . 
Together with (I6.27p . we obtain, schematically: 

V N k N . = -dftk - 9 ■ k N .. (6.28) 

Taking the V a N derivative, we obtain: 

VaN(y N k N .) = -dfo(VaNk) - [V ' a N , d\fv]k - VaN(9) ■ k N , - 9 ■ VaNk N . - 9 ■ k. VaNN . 

Using the commutation formula (I2.2ip and the structure equation (14. 4p . we obtain, 
schematically: 

Vojv(Vivfcjv.) = -dft(V aN k) + a9Vk + a(R + V9 + 6f(a))k. (6.29) 

Next, we take the V a 7v derivative of the second term in the definition of H. The twice- 
contracted Bianchi identity on E yields: 

V ' nRna = —^ B Rab + -V A R, 
which together with the constraint equations fll.2j) implies: 

V N R NA = -V B R AB + k ■ V A k. (6.30) 

Now, we have: 

V R AB = y R AB + tr9R NA + 9 AB R NB . 
Together with (16.301) . we obtain schematically: 

V N R N . = -dftR - 9 ■ R + k ■ VJfe. (6.31) 

This yields: 

V aN (R N .) = -dft{aR) + f(a) ■ R - a9 ■ R + ak ■ VJfe. (6.32) 
Finally, in view of the definition (16.21) of H, (I6.29P and (I6.32p . we obtain schematically: 

S7 aN H = dft(V aN k + aR) + a{9 + k)Vk + a{R + V9 + 9f(a))k + (f(a) + a9) ■ R. 

This yields: 

V aN H = dft(H 1 ) + H 2 , (6.33) 

where Hi is a 2-tensor given by: 

Hi = V ' a Nk + aR, 
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and H 2 is a 1-form given by: 

H 2 = a{6 + k)Vk + a(R + V0 + 9f(a))k + (f(a) + a9) ■ R. 
In particular, we have: 

ll^ill^(S) < IMU~(s)(||VA;|| i2(5) + \\R\\ L 2 {S) ) < e, (6.34) 
where we used in the last inequality the assumption (12.1 p on k and R. Also, we have: 

W H2 hf_ 2 2] J ( Pu ) ~ W a h°°(s)(\\d\\L r _ 2i2] L*(Pu) + \\k\\L T _^{p u ) + \\a- l fa Wl T _ 22] lHPu)) 

(\\Vk\\ L2(s) + \\R\\ L2{s) + \\V9\\ LHS) ) 
< e, (6.35) 

where we used in the last inequality the assumption (12. ip on k and R and the estimate 
(I2.30p for a and 9. In view of (I6.33p . we obtain schematically: 

adft(V aN H) = dftdft(aHx) + di/v(f(a) ■ H x ) + f 2 (a) ■ Hi + dft(aH 2 ) + V(a) ■ H 2 

= h 5 + h 6 , (6.36) 

where the scalar functions on 5* h 5 and h e are given by: 

h 5 = dftdft{aHi) + dft(f(a) • + dft(aH 2 ) + V(a) • H 2 , 

and: 

h 6 = f\a)-Hi. 

Using the finite band property for Pj, the sharp Bernstein inequality (I5.6ip and the 
estimate (15.641) . we obtain: 

< 2 2 -'||^ 1 d^d^|U (i2( ^ )) ||a^ 1 |U 2( c ?) + 2^||y(a) - i^ilU^c,) + 2^||^ 2 || if ^^i^) 
+2^||V(a)-H 2 || Lf _ 22]jLl( p tt) 



which together with the Bochner inequality for scalars (I5.63p . the estimate (I2.30p for a, 
and the estimates (16.341) and (I6.35P for Hi and H 2 implies: 

11^(^5)11^(5) <2 2 %. (6.37) 

Next, we estimate h Q . In view of the estimate (I2.30p for a and the estimate (16.341) for Hi, 
we have: 

INUhs) ~ liy 2 «IU 2 (5)||^i||L2(5) 
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Together with the sharp Bernstein inequality (I5.6ip . we obtain: 

\\P 3 {h & )\\ LU2]L . {Pu) <Ve. (6.38) 
Finally, in view of fl6U5|) . flfiTTB]) . flOTj) and (1Q6|) . we have: 

{V N -a- 1 fi){V aN a 2 ) = h 7 + h 8 , (6.39) 
where h 7 and /i 8 are defined by: 

h 7 = hi + a~ 1 /i 3 + a~ 1 h 5 , 

and: 

h$ = h,2 + a~ hi + a~ l hQ. 
In view of flBTTQl . flfT25]) and flOTj) . we have: 

H^WII^s) < 2 2 %(1 + ||a 2 || Lf , 2i2]£ 4 ( p u) ). (6.40) 

Also, in view of (16T20|) . fl6T26|) and fl6T38|) . we have: 

||P i (a/ i8 )|U U2]i2(Pii) <2%. (6.41) 

Now, in view of flB^OD and fl6T4Tj) . (OU5]l implies: 

sup||Pj(VoJva2)||xa(S) ^ e(l + IHU~ z^))- ( 6 - 42 ) 

i>o 1 2,21 

Next, we state three lemma. 
Lemma 6.5 For any scalar function f on S, and for any < b < 1, we have: 

sup 2^11^. (^7)11^(5) < sup 2^11^/11^(5). (6.43) 

i>o j>o 

Lemma 6.6 For any scalar function f on S such that / = on u = —2, we have: 



E 22i ll P i/HV 2 , 2] ^(P.) £ liy/IU 2 (5) + ||/||L r _ 2i2] L 2 (P tl ) + sup||P,(V J v/)|| L2(5) . (6.44) 

vj>0 I ' ' j ~° 



Lemma 6.7 For an?/ scalar function f on S such that f = on u = —2, we have: 

\l^ 2] lhPu) < \\?f\\L*(s) + supHP^Viv/)!!^^). (6-45) 



The proof of Lemma [6.51 is postponed to section I6T3| the proof of Lemma [6.61 is post- 
poned to section 16.41 and the proof of Lemma 16.51 is postponed to section 16.51 Let us now 
conclude the proof of Proposition 16.31 In view of (I6.13P and Lemma [6.71 we have: 

IMU- 21 l 4 (p u ) ^ £ + sup || ( V7va 2 ) || i,2(s)- (6.46) 

1 2,2] ,7>Q 

62 



Together with (16.421) . we obtain: 

sup \\Pj{V aN a 2 )\\L2(S) < e(l + sup||P i (VA r a 2 )||L2 (5) ). 

Together with Lemma [6.51 and (I6.46p . we obtain: 

sup 1 1 Pj(V N a2)\\iP(s) + \\<*2 II Lf°.«.L*(p u ) ^ e- (6-47) 

Finally, (16.131) . (I6.47P and Lemma [6.61 imply: 



O>0 



This concludes the proof of Proposition 16.31 

6.3 Proof of Lemma 16.51 

We have: 

11^7)11^(5) < ^llP^PJOU^s). (6.48) 

If I < j, we use the finite band property for Pj, and we obtain: 

2^||P,(a ±1 PJ)|| i2(s) (6.49) 

< 2-^\\f(a ±1 P l f)\\ L2{s) 

< 2 ^ l -V\\a ±1 fP l f\\ LHs) +2-^\\y{a ±l )P l f\\ L , {s) 

< 2-^ 1 - fe )||a ±1 || L . (5) ||yp/|| i2(5) + 2-^ 1 - b )||y7(a ±1 )|U r _ 2 ^ 4(Pu) ||P/|| iU]L4(Pu) 

< 2-(^)( 1 - b )sup2^||PJ|| i2(5) , 

<?>o 

where we used in the last inequality the finite band property and Bernstein for p, and 
the estimate (12.301) for a. 

If I > j, we use the fact that: 

PM^Pif) = 2- a P i (o ±1 Afl/) 

= 2- 2 *P,(d^(a ±1 yp/)) - 2- 2l P j (f(a ±1 )fP l f), 

which together with the finite band property and Bernstein for Pj yields: 
2^||P ? (a ±1 P/)|| x2(g) < 2~^^\\a ±1 fP l f\\ LHs) + 2-^\\f( a ^)fPin^_ aAl L^) 

< 2 - 2 ^( 1+fe )(||a ±1 ||^ (s) + IIKa^)!!^^^))!!^/!!,.^) 

< 2-^')( 1+6 )sup2^||PJ|| L2(5) , (6.50) 

q>0 

where we used in the last inequality the finite band property for p, and the estimate 
(CTD for a. 
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Finally, (J53SJ, ( ICTj) and (1530]! yield for all j > 0: 



^UP^ 1 /)!!^) < [ Y,C*- ]j - lKl - h) + 2-U- lKl+h) ) ) snp||PJ|| L2(s) < sup||P g /|| i2(s) , 

where we used in the last inequality the fact that < b < 1. Taking the supremum in j 
yields (I6.43P . This concludes the proof of Lemma 16.51 

6.4 Proof of Lemma 16.61 

We follow the proof of Corollary 15.161 Proceeding as in f lB.12j) . we obtain for all j > 0: 



y\\Pjf\\l r _ 2 ^ { P u) < V (J \\Pif\\*m\\VaxPjf\\*md^ +^\\P 3 f\\l^sy (6-51) 
Then, proceeding as in (IB.13j) . we obtain in view of (I6.5ip : 

23 \\ P j f\\\p 2 2] Li(P u ) 

+2 2j \\Pjf\\ 2 msy 
This implies: 

^WWl^^) < 2^||P i /|| z2(s) ||P i (V aiV /)|U 2( 5) 



+2 i ||[V aJV ,P i ]P||| U2]i2(Pu) + 2^||P ? -/||| 2(5) . 
Taking the square on both side, summing in j > 0, and using the Bessel inequality yields: 



j>0 ' \j>o I 



+ y: & ii [v aN , p,]f\\i u 2]LHPu) + e 24j 

J>0 ' j>0 



Using the Bessel inequality for Pj and Lemma 16.51 we finally obtain: 

E 22 'il P i/Hip 22] ^(P«) ( 6 - 52 ) 
i>o 

aN, Pj)F\ 



Now, we have in view of the commutator estimate (15.731) : 



\\[P^ aN ]f\\ LU2]LHPu) < 2-^e{\\ff\\ LHs) + \\f\\ Lr _ 22]L 2 [Pu) ), 
for any 5 > 0. Proceeding as in (IB. 151) . we obtain: 

E^IWIIW 2 ^) ~ W^Us) + \\f\\i r _ 22] L W (6-53) 
i>o 

Finally, (16.521) and (I6.53P yield (I6.44p . This concludes the proof of Lemma 16. 71 
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6.5 Proof of Lemma 16.7 



Lemma E7] is an improvement of Proposition 13 . 71 where one has a slightly weaker assump- 
tion on Vat/. Proceeding as in (I3.1ip . we have: 



ll/KOII 4 



(6.54) 



/U P PU P 

/ V N f{u' 1 x')fdu'd^ + / / tx9f(u',x') 4 du'd^ 
-2 J P„i J-2JR,, 



< 



< 



E 



P^Nf^u'^Pjif^du'dfJ^ 



SUp||P i (V JV /)||L2(5) 

j>0 



7 \i>o 



\\tr9\l 



L r _ 22] LHP u )U\\ Lt22]L f {Pu 



U 2 (S) 



[-2,2]' 



where we used the fact that /(— 2, .) = and the estimate (I2.30P for tr6>. (I6.54p yields: 



ll/KOIIiw < supiip^vwOiu^) + Ell^C/ 3 )!!^*) + 117/111* 



j>0 



2 (S)' 



which after taking the supremum in u on the left-hand side implies: 



£- L«(P„) < SUp||P,-(Vjv/)|| 



[-2,2] J 



i>o 



£3(5) 



+ \\ff\\ LHS ). (6-55) 



Next, we estimate the second term in the right-hand side of (16.551) . We have: 



\PAf)\\LHS) < J2W P j( P lf P mfPJ)\\LHS). 

l,m,q 



(6.56) 



We may assume: 



/ > m > q, 
and we consider the following three cases: 

q > j, q < j < I and I < j. 

We start with the case q > j. Then, using the strong Bernstein inequality for scalars 
(I5.34p for Pj, we have: 



iPjiPlfPmfPML^S) < VWPmfPJW^Itm 

^ 2 J ||P Z /|| L 2( S) ||P m /|| L 00 2 2)L 4(p ii) ||Pq/|| L 00 2 2)i 4(p ii) 



(6.57) 



< 2 J+ 2 + 2 ||P/||L2( 5 JP m /|| L 0O 2 2]L 2 ( p tt) ||P (? /|| L oO 2 2)L 2(p ti) , 



where we used Bernstein for P m and P„ in the last inequality. 
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Next, we consider the case q < j < I. Then, the boundedness of Pj on L 2 (P U ) yields: 
\\P 3 {PifP m fP q f)\\LHs) < \\PifP m fPJ\\ms) (6.58) 

< ||fl/||L>(fl)||i , m/||L-(fl)||P S /|U-(S) 

< 2 m+9 ||Pz/|| L 2( S )||P m /|| L 0O 22]L 2 ( p tt) ||P (? /|| L 0O 22]L 2(p ti) , 



where we used in the last inequality the strong Bernstein inequality for scalars (I5.34p for 
P m and P q . 

Finally, we consider the case I < j. Using the finite band property for Pj, we have: 



I'AI'ifPnfl'J) (6.59) 
= 2^P j (^(P l fP m fP q f)) 

= 2- 2 iPj(fi(P l f)P m fP q f) + 2- 2 >P ] (f(P l f)f(P m f)P q f) + permutations of (l,m,p). 
Using the boundedness of Pj on L 2 (P U ), we have: 

||P^f(PJ)P m /P 9 /)i|L 2 (S) < \\HPif)PmfP q f\\LHs) (6.60) 

< \\^Plf\\ L2{S) \\P m f\\ L o o(S) \\P q f\\ L ^ {S) 

< 2 2?+m+9 ||PJ|| L 2 (5) ||P m /|| L p 22)L 2 ( p u) ||P 9 /|| L o0 2 2)i 2 (Pii) , 

where we used in the last inequality the finite band property for p, and the strong 
Bernstein inequality for scalars (I5.34p for P m and P q . Using again the boundedness of Pj 
on L 2 (P U ), we have: 



\PmPl)mPmf)P q f)\\L* {S) < \\f(Plf)f(P m f)P g f\\L^S) (6.6i; 

^ 2] LHPu)Wf P mfL , 

. 2jr HPu)\\Pqf\\L™ 22] L*(P u ), 



^ \\fPlf\\Lf_ 22] LHP u )\\fPmf\\L™ 22] LHPu)\\Pqfh°°(S) 
< 2^ + ~ +9 ||P/|| L 2( 5) ||P m /|| L oo L 2( Pu )\\P g f\\ L o° L 2 (P U ) 



where we used in the last inequality the Gagliardo-Nirenberg inequality (13. 9p . the Bochner 
inequality for scalars (15.631) . the finite band property for p and P m , and the strong 
Bernstein inequality for scalars (I5.34p for P q . Now, since we assumed that I > m, (16.591) . 
flCTj) and (16311 imply: 

^(P/P^P^IU^)^^ 

(6.62) 

Finally, in view of (16.561) . (I6.57p . (I6.58P and (I6.62p . and since we assumed that I > 
m > q, we obtain: 

ll^(/ 3 )IU 2 (5) 
l,m,q 
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This yields: 



i>o 

S E(E a-^a-li fl/IIS, m ) ( E a-^^liiwii^m 



j>0 \/>0 / \m>0 



^2^2^||PJ||l r _ 22]L2(Pu) 

>g>0 



1 .3 

4 



2] L 2 (Pu) 

o>o / \j>0 



where we used in the last inequality the Bessel inequality. Now, ( I6.55P and (I6.63P imply: 



2,2] 



2 (5), 



j>0 

which together with Lemma [6.61 yields f)6.45p . This concludes the proof of Lemma [6.71 

7 Regularity of the foliation with respect to uj 

Let u(x, u) the function constructed in section |H In this section, we prove Theorem 12.61 
which deals with the control of the derivatives with respect to u of the foliation generated 
by u(x,cj) on E. Recall that (E,g, k) coincides with (M 3 ,5, 0) in \x\ > 2. Also, u(x, cj) 
coincides with x.u in \x\ > 2, and so a = 1, N = u and 9 = in this region. Thus, u 
clearly satisfies the estimates of Theorem 12.61 in \x\ > 2 and it is enough to control the 
derivatives with respect to u of the function u(x,u) solution to: 

tr# — k^N = 1 — a, on — 2 < u < 2, (7 1) 

u(.,u) = —2 on x.u = —2, 

in the strip S = {x/ — 2 < u < 2}. 

To u(x, uj), we associate the quantities N, a, 6 and K as in section I2T21 We will have 
to differentiate these quantities several times with respect to u. Since a and K (resp. N) 
are scalars (resp. is a vectorfield) defined on — 2 < u < 2, the meaning of d w N, d^a and 
d^K is clear. On the other hand, 9 is a 2-tensor on P u , and we need to extend it to a 
2-tensor on —2 < u < 2 for d^O to be properly defined. We choose the trivial extension: 

9(N,.) = e(.,N) = 0, (7.2) 
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so that 6 is a symmetric 2-tensor on —2 < u < 2. For consistency, we extend its traceless 
part 6 in the same way: 

6(N,.) = 6(.,N)=0, (7.3) 
so that 9 is a symmetric 2-tensor on —2 < w < 2 satisfying: 

6(X, Y) = 6(X, Y) - ^tr9{X.Y - (X.N){Y.N)), (7.4) 

where X, Y are two vectorfields on E. 



7.1 First order derivatives with respect to u 

The goal of this section is to prove (I2.32p . We first give an outline of the proof. Differen- 
tiating the second equation of (14. 5 p with respect to u, we obtain: 

(Vjv - a -1 A )d w a = 2fV N a + 2R NdbjN + ■■■ (7.5) 

where the first term on the right-hand side comes from the commutator [d u , fi\ (see (I7.13P ). 
Since ^Vato and R are in L 2 (S) respectively by (14. 9 p and (14. 3p . this suggests in view of 
Proposition 13.161 that: 

||V^a|| L 2 (5) + Wfd^aW^^^ + \\f 2 d w a\\ L 2 (s) < e. (7.6) 
Next, we differentiate (17. 5p with respect to Vat. We obtain: 

(Viv - a-^VjvcU = 2fV 2 N a + 2V N R NduiN + ■■■ . (7.7) 

The term ^nRns^n may be treated using the contracted Bianchi identity for R - as we 
did for VnRnn in section I2T41 - and turns out to be in L 2 l H~ 1 ~ 5 (P u ). On the other hand, 
in view of the estimate (I2.3ip for V 2 N a, ^JV 2 N a belongs to L^iJ~2(p u ). This suggest in 
view of Proposition 15.331 that: 

\\V N d^a\\ LlHi{Pu) + \\V 2 N d„a\\ LlH _s {Pu) < e. (7.8) 

By interpolation between (I7.6P and (17.81) . we should obtain d^a in L^H^(P U ) which 
embeds in L°°(S) since P u has dimension 2. 

We now turn to the estimates for d u 9. Since tr9 = a — 1 + k NN , we differentiate 
in u, and we easily obtain from the assumption on k (14.31) and the estimate (I7.6P that 
Vc^tr^ G L 2 (S). To obtain estimates for d w 9, we differentiate the last two equations of 
(14.51) with respect to u: 

' f B dJ AB = \¥ A d„tT6 + • • • , 
VnQJab = ~fV N a - f A f B d u a + ■■■ , 

where the first term on the right-hand side of the second equation comes from the com- 
mutator [d w ,y 2 ] (see dZIISD )- Using the fact that Vd^trf? G L 2 (S), fV N a G L 2 (S) and 
f 2 d u a G L 2 (S), we then obtain VdJ G L 2 (S). 
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Finally, we turn to the estimates for d w N. Differentiating (14. 4p with respect to u, we 
obtain: 

fd UJ N = d U} 6 + ---, , s 

V N d u N = -fd u a + .-- . {i Uj 

Together with the fact that ^0^9 and ^d^a belong to L 2 (S), this implies that ^d^N 
and J/VNd^N belong to L 2 (S). Using Proposition 13.101 we obtain that d u N belongs to 
L°°{S). 

The rest of this section is as follows. We start by deriving commutator formulas for 
[dwi y 7 ]) [9uj, M and [d u , y 2 ]. Then, we prove the estimates for d w a. We continue with the 
estimates for 3^9. And we conclude with the estimates for d^N. 

7.1.1 Commutator formulas 

We have the following commutator formulas: 
Lemma 7.1 Let f a scalar on E. We have: 

K, f]f = ~f 9uN fN - V N fd u N, (7.11) 
[cU f]f(e A , e B ) = -{d u N) A V 2 f(N, e B ) - {d u N) B V 2 / %N , e A ) ^ 

and 

[d m flf = -2V 2 /(iV,^iV) - d u MV N f - tr0y duN f. (7.13) 
Proof Differentiating with respect to u the equality 

Tf = Vf-V N fN, (7.14) 

and using the fact that commutes with V since g is independent of cu, we obtain: 

[d m f]f = ~V duN fN - V N fd w N. (7.15) 

Now, we have: 

<7(dJV,iV) = 0, (7.16) 

which follows from the differentiation of g(N, N) = 1 with respect to u. Thus, d w N is 
tangent to P u which implies that Vq^nI = n$ ■ Together with f)7.15p . this yields 

We now turn to the proof of (17. 12ft . Differentiating (17. 14ft by y, we obtain: 

f 2 f(e A ,e B ) = V 2 f(e A ,e B ) - V N f9 AB . (7.17) 
Let II denote the projection of vectorfields of £ on vectorfields tangent to P u : 

TlX = X - (X.N)N. (7.18) 

The commutator [c^,n] satisfies: 

[d u , U)X = -(X.d u N)N - (X.N)d u N. (7.19) 
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For X, Y two vectorfields on E independent of u, we differentiate f f{UX,IlY) with 
respect to ui using (17. f 7p . (IT. 19j) and the fact that commutes with V: 

d u (f 2 f(ux,UY)) = v 2 ^/(nx,nr) - (X.d u N) V 2 f(N, UY) 

-(X.N) V 2 f(d^N, UY) - (Yd u N)V 2 f{N, UX) - (YN)V 2 f(d„N, UX) (7.20) 

-V N dJ6 XY - f duN fO X Y - V N fdJxY, 

where we have used the fact that #nxny = &xy from (17. 2p . evaluating (I7.20p at X = 
e A , Y = e B yields (T7TT2]) . Finally, taking the trace of fT7TT2"]) yields (f7TT3]) . ■ 



Lemma 7.2 Let p a symmetric 2-tensor on E such that p(N, .) = 0. Then, we have: 

([du, dfv]p) A = — tr6p dujNA — 8 AB p BduiN — WnPb^nb + 9d u NcPcA (7 91 ^ 

+{d u N) A e BC pcB- [ ' 

Proof For any symmetric 2-tensor v on E, we have: 



= ec(v AB ) - v(y c e A - g(V c e A , N)N, e B ) - u(e A , Ve B - g(V c e B , N)N) 
= e c {u AB ) ~ v{V c e A , e B ) - u(e A , V c e B ) - 9 AC v NB - BC v NA 

= V 1 C V A B — ® A C V NB — QbC v N A - 



(7.22) 



Applying (I7.22p to p and using the fact that p(N, .) = p(., N) = 0, we obtain: 

fcPAB = V c p AB - (7.23) 

Let X a vectorfield on E independent of uj. Using (17.191) and (17.231) . we have: 

<9 w ((dyvp)nx) = d u {f A pmx) = d^V ' A p A nx) 

= V dujeA p A nx + V A pa u e A nx + V A d w p AU x - (X.N)V A p AduN (7.24) 

-{X.d u N)V A PAN. 

Now, differentiating g(e A , e B ) = 5 AB and g(e A , N) = with respect to uj, we obtain: 

f d^ei = g^ctei, e 2 )e 2 - g(d w N, e x )N, , . 
\ d w e2 = -g{d u e 1} e 2 )ei - g(d u N, e 2 )N. 

This yields 

^duje A p A nx + V A pd U} e A nx = —^NPd^Nnx — Vd^NpNnx- (7.26) 
Since p(N, .) = p(., N) = 0, we have: 

VaPVB = £ A {PNb) — PV A NB — PNV A e B = ~d A CPCB- (7.27) 

Using again p(N, .) = p(., N) = 0, we have: 

d u p(N,.) = -p(d u N,.), (7.28) 
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which together with (I7.22p applied to d u p yields: 

^ aQuiPab = y ' a^uPab + ^ aa^loPn b + 9ab9u)Pan f~ 
= (d]/vd u] p) B - tv9p daiNB - 0abP8^na- 

Finally, (EMD, (f7^6]) . (OZD and (OHD yield: 



w ((#/9)nx) = (#^p)nx - tr0p SwA rnx - OBnxpBd^N ~ ^Npd^Nnx (? ^ 

+e 9bJ NBPBnx - {x.n)v bPbQuN + {x.d u N)e BC pc B . { ' 

Taking X = e A in (THfflj) yields (J72U). ■ 

We conclude this section by recalling the link between f A V n! and V 2 /( e A, AT) for a 
scalar function /: 

f A V N f = V 2 f(e A ,N) + 6(e A ,ff). (7.31) 
7.1.2 Estimates for d^a 

Note that the first equation of (14.5)) . (14. Tp and the fact that E) coincides with 
(5,0, M 3 ) for |x| > 2 yields: 

V p («9 w a) = 0, V p <9 w fl = 0, V p (<9 w iV - <9 w u;) = for all p G N on it = -2, (7.32) 

so that integrations by parts will not create boundary terms at u — —2. 

Differentiating the second equation of (14.5)) with respect to u, and using the commu- 
tator formula (17. 111) . ()7.13p . the fact that d^N is tangent to P u by (17.161) . and ()7.3ip . we 
obtain: 

Viv^a — a^^d^a = h, (7.33) 

where h is given by: 



h = -f du:N a - a~ 2 d u a/^a - 2f duN V N a + 20(d u N, fa) 

-dJr9V N a - txefg uN a + 26dJ + d u (V N (k NN )) + 2R NdbjN . 



(7.34) 



Using (14.41) . we have: 

V N {k NN ) = V N k NN - 2k{fa, N), (7.35) 
which together with (17. lip yields: 



<9 w (Viv(£;iVAr)) = V duN k NN + 2V N k NdujN - 2k(fa, d^N) 

-2k(fd w a, N) + 2f 9ojN ak NN + 2V N ak NdhjN . 

Using (17.341) and (17.361) . we estimate the norm of h in L 2 (S): 

INU 2 (S) < ||ya||L2(s)||dw-W|U°°(.s) + ll a_2 ||L°°IIA a IU 2 (5)||^a|U°° 



(7.36) 



\fV N a\\ L 2 {s) \\duN\\ Lx{s) + 11^11^(5)11^1^4(5)11^^11x00(5) 

\d U toO\\ L A (S) \\V N a\\ LHS) + 11^11x4(5)11^11x4(5)11^^11^(5) 

\d u N\\ L ~w + \\9\\ LHS) \\d u 9\\ LHS) + ||VA;||x 2 (5)||^iV||xoo(5) { ' 

|fc|U*(S)||Va||i2( S )||9 u ^V'IU«»(s) + II^IU 4 (5)||y^a||x4(5) 

i-R|U2(S)||9 w iV||x«(5)- 
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Together with (Q|l . (jO|) . (ICTjl . (HTT2]) and (jUHJ) , this yields: 

^ £||^A^|U-(s) + £||^«IU-(S) + £\\fd u a\\ L 4 {S ) + £\\dJ\\ L ^ s) . (7.38) 
Proposition EIS1 (J732D, ( 033 an d ( QSj) yield: 



||9 w a||i» a)2]L 2 ( p u ) + ||V^a|| L 2 (5) + ||^a||r» a|a] £3(p„ 



(7.39) 



+ \\YdA\»{S) < e(\\d w a\\ L ^ + \\d w N\\ L ~ {s) + \\dJ\\ LHs) ). 

Next, we differentiate equation (I7.33P by Vtv- We obtain: 

V N {V N d u a) - a^^{V N d w a) = [V N , oT 1 ^]^) + V N (h), (7.40) 

where /i is given by (I7.34p . Next, we estimate each term in the right-hand side of (I7.40p 
starting with the first one. In view of the commutator formula (I2.20p . we have: 

a[V N , a _1 ^]flLa = h + 2a~ 1 fafV N d UJ a + a'^aVjv^a, (7.41) 

where the scalar function hi is given by: 

^ = — (tr6> + a _1 Vjva)^flL,a - 20 • ^d^a - 2R N . ■ fd w a - fti6 ■ fd w a + 29- a^fa ■ fd^a. 

hi satisfies the following estimate: 

\\hi\\ L f_ 22] LHP u ) ~ (\\ e h™ V2] L2(p u ) + ||a" 1 Vjva|| L oo 22]L 2 (Pu) )||y 2 ^a|| L 2 (5) 

+(\\R\\l*(S) + Wfti9\\ L 2 {s) + WOa-'faW^^Wfd^aW^^^ 

Together with the estimates (TT391 for d^a, (T43D for R, (1431]) for a, and (14712]) for 0, we 
obtain: 

IMUf_ 2)2] LW £ e(||M|i- (fl) + R^llx-(S) + (7.42) 
Also, the second term in (17.411) satisfies in view of the product estimate (15. 82ft : 

sw2-^Pj(a-yafV N d u a)\\v iS) < NdM\ LlH -h {P J a ' l f4 L ^ H l {Pu y 

which together with the Lemma 15.71 the embedding (I5.74p , and the estimate (14. 9 j) for a 
yield: 

sup 2~ J || ^-(a-^ayV^a) || L2(5) < e||V^a|| i . (7.43) 

The third term in the right-hand side of (17.41 j) satisfies in view of the product estimate 
(J5J32D: 

sup2- J \\P j (a~ l ^aV N d UJ a)\\ L 2 {s) 

j>o 

< \\V N d^a\\ LlHkp Ja^M^ H - hPu) 

< llV^flll^i^dld^a-^H^^j^ + \\a- 2 \fam^ H . kpu) ) 
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which together with the Lemma [5.7) the embedding (I5.74p . and the estimate ( I4.9P for a 
yield: 

su^-iP^a- 1 ^ aV N d u a)\\ L 2 (s) < e\\ V^cUH^i (Pu) - (7-44) 

Next, we estimate the second term in (I7.40p . i.e. Vjv(/i). In view of ( I7.34p . we have: 

Vn(K) = h 2 + h 3 - 2a- 1 dft(ad ul NV 2 N a) + V N (d u (V N (k NN ))) + 2V N R NdbjN , (7.45) 

where h 2 and h 3 are given respectively by: 

h 2 = a~ 2 fd w a ■ fV N a + a~ 3 d„afa ■ fV N a + a" 2 (9 w a[V Ar , ^]a - 2gT 3 V Nad^a^a 
+2a- 3 \fa\ 2 V N d LU a + 2V N 6(d UJ N, fa) + 26(V N d LU N, fa) + 9(d U} N, V N fa) 
-Vjv(&>tr0)Vjva - V 7 vtr^^ JV (a) - trflVjvy^a + 2V^a ■ 
-2V Jv y 9wJV aV jV a + 2V N 6 ■ dj + 26V N d J - 2R a -±y adujN + 2R NVn9 „ n , 

and: 

h 3 = a^d^a^d^af^Na) + a~ 2 fa-fV N d U) a + a- 2 V N (d^a)^a + 2di^(d^N)V 2 N a 
—Qa^f^j^aVlfa — d u tr6V 2 N a + afa ■ V N f(d w a). 

Let us first estimate h 2 and h 3 . In view of the definition of h 2 , we have: 

\\h2W Ll_ 22] LHP u ) 

~ 2 \\L™(\\fd u a\\ L oo_ 22]L 2 {Pu) + ||^a|| L p 22]L 4 ( p u) ||ya|| i ^ 2]L 4 (Pij) )||yVa|| L 2 (5) 
|a" 3 ^a|| L ^ (5) (||[V7v, 22] Li(p„) + ||Vjva|U-(S)2||A a IU 2 (5)) 



< 



+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 



-2,2r 

a ~ 3 1 U°° 1 1 ^ a 1 1 L 4 (Pii ) 1 1 VNd^a 1 1 L 2 (5) 



21 L 2 (Pn)||Vjvya|U 2 (5) + ||Vjv(9 w tr0) || Vjva||i{» L2(p u ) 
\V N tie\\ L 2 {s) \\f d ^ N (a)\\ L oo_ 22]L 2 [Pu) + ||tr0|| i p 2i2]X 2(p u) ||V J vy 9w7V a||L2(5) 
|Vjvya|| L 2(5)||y^a|| i ^ 2]L 2( Pn) + \\V N f d ^ N a\\ L 2 {s) \\V N a\\ L oo_ 22]L 2 (Pu) 



Iv^ii^^n^iL 



-2,2] 



L 2 (P U ) + 



-2,2] 



l 2 (p„) II Vat^^H^^) 



1^111,2(5) Ha-^a lU^^^ll^iVlUoo^ + \\R\\i?(s)\\VNd u N\\ Lr _ 2ta]I ? (Pvr) , 



which together with the commutator formula (I2.19P for [Vat, the estimates (14.91) (14. lip 
for a, (SHOD QUED for 0, the estimate (J33) for i2, and the estimate ACT]) for d^a yields: 



INIl^lhpo 



< 



»a|U<»(s) + ||VAJV||£4 (fi f) + \\d u N\\ L ~ (s) + \\d u 0\\ LHS ) 



+ \\V N dJ\\ L 2 {s) + \\dJ\\ Lr _ 22]L 2 {Pu) ). 



(7.46) 



Also, in view of the definition of h% and the product estimate (I5.82p . the finite band 
property for Pj and the estimates (I7.43P and (17.44)) . we have: 

sup 2~ J || Pj(ah 3 ) || L 2 (Pa ) 
< \\a- l d w a\\ LX{s) \\fV N a\\ L 2 {s) +e\\V N d^a\\ LlH i (Pu) + (IW^JV)!!^^ 



I%uv a l 



\\ ad ^ d \\ L ~ H h {P J^>\\ L 2 uH -h (PuV 
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which together with the estimate (12.311) for V^a and V%a, the estimates (14. 9 p ( 14. lip 
for a, the estimate (I7.39P for d u a, the embedding ( I5.74p and the product estimate ( I5.85P 
yields: 

su P 2-iP i (a/i 3 )||L 2 (p u ) < e(\\d u a\\ L ~ (s) + \\fd u N\\ Lr a ^ Pu) + \\d u N\\ Loa{S ) (7-47) 

+ l|d*K^II £ » 2r i (jy + WLhs) + l|V^tr0|| L2(s) ). 

Next, we estimate the third term in (I7.45p . In view of the product estimate (I5.83P 
with b = |, / = V 2 N a and G = ad^N, we have: 

\\dWadu,NV 2 N a)\\ LlH _ l(Pu) 
< \\V%4 L 2 H -h {P J\\ ad " N \\L°°(S) + ||y(a^iV)|U^ 2]L2( p u) ). 

Together with the estimate (I2.3ip for V 2 N a, the estimate (12.311) for V^a, and the estimates 
(1491) (g~Ti]) for a, this yields: 

||d^(a^iVV^a)||^_3 (Pu) < edl^li-^ + Wfd.NU^^). (7.48) 
Next, we estimate the third term in ( I7.45p . We have: 

V AT 

= V 9 „ at (Vat k N N ) + [V N , V du]N ](k NN ) + 2V N (y N (k Ndu]N )) 

= dft(d LJ N'V N (k NN )) - &Hd u N)V N (k NN ) + V^ NduN (k NN ) + a~ l f d ^ N a\7 N (k NN ) 
-0(d w N, A)f A (k NN ) + 2V N (V N k N9uN - k{a~ l fa , d w N) + k(N, V N d u N)) 

= dft(d u N(V N k NN - 2k{a~ 1 fa , N))) — d\jv{d u N){V N k NN - 2k{a~ l fa , N)) 
+V VNduN (k NN ) + a-y^aiVNkNN - 2k{a~ l fa , N)) 
-6{d u N, A)(V A k N N + 26 AB k BN ) + 2V N (V N k NdbjN ) - 2V N k( a - 1 fa , <9JV) 
-2k(V N (a- 1 fa),d u) N)-4k(a- 1 fa,V N d UJ N)+2V N k(N, VnO^N) 
+2k(N,V N V N d UJ N), 

where we used the structure equations ( 14.41) for iV and the commutator formula (I2.18p . 
This yields: 

VN(d u (V N (k NN ))) = a^dftiaduNVNkNN) + 2V N (V N k NdijN ) + 2k(N, VnVnO^N) + h 4 , 

(7.49) 

with hi satisfying: 

\\ h 4q_ 22] LHP u ) (7.50) 

< (llVfcUL^sjGIa" 1 ^ \\l™ 2>2] l\p u ) + P\\l™ 22] li(p u )) 

+ \\k\\L r _ 2/2] mp u )(\\fVa\\ L 2 {s) + \\a- l fa ||| 4(5) + ||0|||4 (s) )) ||gUV||^ (5) 

< e(||^iV||^ (5) + ||V^iV|U^ 2]L2( p n) ), 
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where we used in the last inequality the estimate (14. 3p for k, the estimate ( I4.9P for a and 
the estimate (I4.12p for 6. Now, in view of the constraint equations (I2.25p . we have 

This yields: 

= -dft(k 9uN .) + k AB {V 'a9ujN) b - ti9k N9ujN . 
Differentiating with respect to Vat, we obtain: 

V 'at(V NkNd u N) 

= -dft(V N (k 9uN .)) - [Vjv, dft\(k 9uN .) + V N k AB (V A d u N) B + k AB (y 'jvV ' A d u N) B 
-V N ti9k NduN - tr9V N k N9uiN + trOk^fa , d u N) - trOk NVN g uN 

= -dft{V N k 9 „ N .) - (a- 1 fa V N + 9f + R + a' 1 fa ■ 6) ■ k 9 „ N . 

+V N kAB(yAduN) B + k AB ([\7 N , ^a9 u N) b ~ V N tr9k N9u]N - tr9\7 N k N9u]N 
+ti6k{a- 1 fa , d^N) - tx9k NVNduN 

= -dft{V N k 9uN .) - (a- l faV N + 6f + R + a' 1 fa ■ 9) ■ k 9wN _ 

+V N k AB (V A d w N) B + k ■ (a^faVN + 6f + R + a^fa ■ 9) ■ d w N 
-V N ti9k N9uN - tr9V N k N9ujN + trOk^fa , d^N) - ti9k NVN g uN , 

where we used the commutator estimate (12.171) . This yields: 

V N (V N k N9uN ) = -a~ l d\/v{aV N k 9uN ) + h 5 , (7.51) 

with /i 5 satisfying: 

IIMLf_ 22] Li(P«) ( 7 - 52 ) 

< \\Vk\\ L 2 {s) ((\\a-ya\\ Lr ^ 2]LHPu) + ||e|U^ 2]i 2 (Ptt) )||^iV|| LOO(s) + ||V^iV|| L p 22ii2(Fu) ) 

HVduN\\ L ~ 22]L 2 {P J\k\\ LHs) (\\6\\ LH s) + Ho-^a \\ L *(s)) 
+ \\^N0\\ L 2 {S )\\k\\ L oo 22]L 2 { p u) \\d w N\\ LOO(s) 

< e(\\d„N\\ L ~ {s) + ||V^iV|Uoo 2i2]i2( p u) ), 

where we used in the last inequality the estimate (14.31) for k, the estimates (14.91) (14. lip 
for a, and the estimates (14.101) (I4.12p for 9. 

Next, we estimate the fourth term in (I7.45p . Using the twice contracted Bianchi 
identities (I4.34p . we have 

V N R AN = -V b Rab + k ■ V A k. 

This yields: 

V N R N9ujN = -dft(Ra u N.) + ti9R N9uiN - Rab{^ AdujN) B + k ■ V 9ujN k. 
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We obtain: 

Vat-Ra^at = -a^d^aR^N.) + h 6 , (7.53) 

with h$ satisfying: 

\\h 6 \\Lf_ 2>2] LH Pu ) < \\R\\LHs)(\\fd^N\\ L oo 22]L 2 {Pu) + (Wa-yaW^^) (7.54) 

< e^N^s) + \\fd.N\\ Lr _ 2t2]LHPu) ), 

where we used in the last inequality the estimate (14. 3 p for R and k, the estimate (I4.13P 
for k, and the estimate (14.121) for 9. 

Finally, (173511 . (j73gj) , (17311 and (17331) imply: 

V JV (/i) = /i 2 + /i 3 + /i 4 + 2/i s + 2h 6 - 2a- 1 dft(ad UJ NV 2 N a) + 2k(N, VnVnO^N) 
+a~ 1 difr(ad U] NV NkNN) — 2a _1 di/v(aVAr/ca„A0 — 2a _1 d^(ai?^Ar.). 

Together with (17.401) and (17.411) . this implies: 

VjvCVjv^a) - ar l ^{V N d w a) = h 7 , (7.55) 

where h 7 is given by: 

h 7 = a'\hi + 2a' 1 fafV N d UJ a + a~ 1 ^aV N d UJ a) + h2 + h 3 + h4 + 2h 5 + 2h (i 
-2a^ 1 d^v(a^A^V Ar a) + 2k(N, VnVnO^N) + a^^aS^iWivfcjvjv) 
— 2a~ l d\Jv{aW Nkd^N) — ^a' 1 dfoiaRd^N.) ■ 

Together with the strong Bernstein inequality for scalars (15.611) . the finite band property 
for Pj, and the estimate (14. 9p for a, this yields: 

\\Pj(ah 7 )\\ L 2 (S ) 

^ 2J (iMIzf^L 1 ^) + \\ h 2\\Lf_ 2 2] L^(P u ) + ||^4||L2_ 22]i l (Pn) + \\h 5 \\ L 2_ 2 2]L i {Pu) 

+ \\h\\ L l X2] Li(p u )) + \\Pj(ah 3 )\\ L ^S) + WPjia^fa ■ fV N d u a)\\ L 2 [S) 
+ \\P 3 (a- 1 ^aV N d ul a)\\ L2{s) + \\P j {d^{ad UJ NV 2 N a))\\ L 2 {s) 

+ \\P j (d^(ak(N, V N V N d u N)))\\v {g) +y(\\V N k\\ L 2 {s) + llRhnsMah^sMNUoo^. 

Together with the estimates (J73SD, (17321 . (17331) . (17341) . (17351) . (T73Uj) . (17321 and (17341 . 

the estimate (14. 9 p for a, the estimate (17.391) for d^a, and the estimate (14 .3p for R and k, 
we obtain: 

|| Pj(ah 7 ) || L2(s) 

< e^(||^a||i- ( 5, + \\d„N\\ L oo {s) + || V^ w iV|| L 4 (s) + M^N)^^^ 

+\\tiM&>N)\\ L r H h {P j + WWms) + l|v^0|| i2(s) + \\dj\\ Lr _ 22]L 2 {Pu) 

+ \\^Nd w a\\ LlH \ {Pu ) + \\PMWaduN\7 2 N a))\\ LHs) + \\Pj{ak(N, V N V N d u N))\\^ [S) . 
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Together with the estimate ( I7.48p . we finally obtain: 



< e[\Ka\\ L - {S ) + \\d u N\\ L ~ { s) + \\^ Nd u N\\ LHS) + \\Vd u N\\ L ~^v { p u) 

+HmN)\\^ HkPa) + uvmi^s, + ii^mi^^ 

+\\ak(N,V N V N d u N)\\ LlH _ 3HPu) . 
Now, in view of (I7.55P and Proposition 15.331 we have: 

l|V^a||^^ (Pu) + \\V N d„a\\^ H _ h(Pu) + \\V 2 N d„a\\ LlH _ hpu) < \\ah 7 \\ ^ 
Together with (I7.56p . this yields: 

\\V N dM\ LlHhPu) + U^MI^-i^, + \\V%d u a\\ LlH _ hpu) (7.57) 

< e(||9 w a|| L ac (S) + \\d u N\\ L ~ {s) + \\V N d u N\\ L 4 {S) + \\Vd u N\\ L ~ a ^ {Pu) 

+nmN)\\ L „ HkPu) + iiv^h^ + iiv^aii^^; 

+\\ak(N,V N V N d u} N)\\ LlH _s {Pu) . 
In view of Corollary I5.19[ we have 

HMU«>(S) < \\f 2 dua\\ L 2 {S ) + HW^aH^i^. (7.58) 
Thus, we finally obtain, in view of ( I7.57|) and ( I7.58p : 

\\VNd«4 LlHkPu) + \\V N d u a\\ L „ H _ kpu) + \\^a\\ LlH _ hpu) (7.59) 
< e(\\duN\\ L ~ {s) + ||V^iV|| L 4 (5) + ||V^7V|Up 22]i2( p n) 

+\md.N)\\ L ^ {Pu) + \\VdJ\\ L2{S) ) + \\ak(N, WV^AOII^-f^y 

7.1.3 Estimates for d u 9 

Let us start by showing that 8^9 is traceless when seen as a tensor on P u . Differentiating 
(17.41) with respect to u, we obtain: 

dJ(X, Y) = d w 9(X, Y) - \d w ti6(X.Y - (X.N)(Y.N)) 

i 2 (7.60) 

+-tr9{(X.d bJ N){YN) + (X.N)(Y.d u N)). 

which yields: 

d u 0AB = d w 6 A B - -d u tT98 A B, (7.61) 

so that: 

tr(dj) = tr{dj) - d w ti9. (7.62) 
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We compute d^trO: 

dutxO = d u (9 AA ) = tx{dj) + 26(e A , d u e A ). (7.63) 

Together with (17^]) . (177631 and (T7725D . this yields 

d^trfl = tr(<9^). (7.64) 

Finally, ( I7.62p and ( I7.64p imply that d w 6 is traceless: 

tr{dj)) = 0. (7.65) 

We now turn to the estimates for d^tiO. Differentiating the first equation of (14.51) with 
respect to w, we obtain: 

d w tr0 = -d^a + 2k NduiN , (7.66) 

so that: 

Vd w tv6= -Vd w a + 2Vk(N,d ul N)+2k(VN,d w N) 

+2k(N,Vd ul N), {LKU > 



which in turn yields: 

(7.68) 



\\VdJx9\\ L 2 {s) < \\Vd w a\\^ S ) + \\^k\\ L 2 {S) \\d u N\\ L ^ {S ) 



+ II^IU4(5)l|ViV|| L 4 (5) ||^iV|| L ^ ( 5) + 11^1^4(5)11^7^^1^4(5), 

Together with Proposition [3791 f|4"73"]l . (14711]) and (14713]) . we obtain: 

||Vd w tr0|| £a(s) < || V^a|| L2(5) + e||0JV||L«(s) + e\\Vd u N\\ LHS )- (7-69) 

We now turn to the estimates for J/d^O. We differentiate the third equation of (14. 5 p 
with respect to u. Using (17.111) . and (I7.2ip . we obtain: 

(dftdJ) A = h, (7.70) 

where h is given by: 

h = tlOOg^NA + @ AB@ Bd^N + V ' N^d u NA ~ ^d^NC^CA 

-{d w N) A B B cBcB + \f A d^xB - ^V N tT9(d u N) A + R AdbjN (7.71) 
-(d u N) A R NN . 

Differentiating ( I7.4p with respect to Vat, we obtain: 

V N 9 AB = V N 6 AB - ^V N ti95 AB (7.72) 

Also, the definition of ti6 and 9 implies: 

0ac&cb — Qac®cb = 0, (7.73) 
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which together with (I7.7ip and (17.721) yields: 

h= ^ A d w %re + v N e duNB -^v N txe{d u N)A + tree auNA -{d w N) A eBcOcB , 774 ) 

+Ra& u n — (d u ,N) A RNN- 
We estimate the norm of h in L 2 (S): 

\\h\\ L 2 {s) < WfdutidWvw + ||V^|| L2(s) ||^iV||^ (5) + \\9\\l Hs) \\d u N\\ L oo (s) 

+\\R\\*w\\a»N\\u-w. [ } 

Together with fO]) . (TCTOl) and (147121) . this yields: 

£ liy^|| L2(s) + e||dJV|U» (s) . (7.76) 
Proposition EH1 (T735|) . ( 1770]) and ( 1776]) imply: 

HWIb(S) ^ liy^|| L2(5) + £ ||^iV||^ (5) + \\K\\l 2{s) \\dJ\\ LHs) . (7.77) 
Finally, Corollary EH (USD, CM) and ( TTTTj) yield: 



\\fdJ\\ L 2 {S) < e||5 w o|| L =o a)2]ra(Pti) + ||V^a|| L2(5) 



+e\\duN\\ L »o {S) + e\\Vd u N\\ LHS} + e*\\Vd u 9\\v iS) . 



(7.78) 



We now turn to the estimates for VatC?^. Let X, Y two vectorfields on E independent 
of uj. (17. 2p and the last equation of (14. 5p imply: 

^TnxfiiYa + Viv#nxny + 9 j x 9 jY + Kg(UX, UY) = R(UX, UY). (7.79) 

We differentiate ( I7.79P with respect to lo. Using ( I7.12p . ( I7.19P and , and evaluating at 
X = e A , Y = e B , we obtain: 

VnOJab = K (7-80) 

where h is given by: 



h = -a- 1 f A f B d U} a+ (^A^) A a- 1 V 2 a(e B , AT) + (d^N) ^a -1 V 2 a(e j 4, N) 
+d ul 9 AB a~ l V N a + 9 AB a~ l f d N a + a~ s 'd^af ' A f B d w a - V 9uN 9 AB 

-(d u N) A v N e NB - (d u N) B v N e NA - dj c A e CB - e c A dj CB - d u K 7AB 

-(d„N) A R NB - (duN) B R NA . 



(7.81) 



Using (TOD and (Ol) . we have: 

V N 6 NA = 6(fa,e A ). (7.82) 
Using (17321) . (PT^Tj) and (Q2|) . we rewrite (IT^Tj) as: 



h = -a^f^^a + (9 w JV)xa~ 1 y B V JV a + {d w N) B cT l f A V N a 

+d ul 9 AB a~ 1 V N a + 9 AB a~ 1 f 9 N a + a~ 2 ] d w af ' A f ' B d w a - f d N 9 AB 
-2(d„N) A e(fa, e B ) - 2{d UJ N) B 9{fa 1 e A ) - dJ c A 9 CB - 9 c A dJ CB 
-d w K lAB - (d w N) A R NB - (d w N) B R NA . 



(7.83) 
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Thus, we estimate the norm of h in L 2 (S) by: 

II^I|l 2 (5) < ||o _1 |U°°(S) l 2 (5) + ||yVAra||L2(s)||<9JV|U°°(s) (7.84) 

+HMU*(S) || v N a\\ LHS) + weWL^Wfah^Wd^NW^^ 

+ IK 2 |U-(5)||^a|U-(5)||lHlL 2 (5) + 11^11^(5)11^^11^(5) 

+||i?IU 2 ( 5) ||^iv||^( 5) . 

Differentiating (14. 6p with respect to uj and using Corollary I3.8[ (14.31) . (14. f 21) and (17.321) . 
we obtain: 

\\d^K\\ L2{s) < \\R\\ LH s)\\d.N\\ L ~ {s) + 11511x4(5)11^11^(5) 

<e\\d u N\\ L «, {S) +e\\d u 9\\ L * {S) (7.85) 
<e||^IU-(s)+e||V9 u 6/|| La(s) . 

(HD, (USD, (BHD, gI2D, (JUl and (JUSD yield: 

\\h\\ms) < ||y 2 ^a|| i2(5) +e(||9 w o|Uco (s) + ||0JV|| L « (s) + UMU'p) + || V<9^|| L2(5) ) . 



(7.86) 

Corollary ESI Proposition EH fTTSUD and (I7^S]I yield: 

l|V^|| i2(5) < ||y 2 ^a|| L2(5) + e(||9 w a|U=c (s) + ||0JV|| L =o (s) + || V0„0|| L2(S) ). (7.87) 
Finally, ([ZigD , (l777Bj) and (ITTSTft yield: 

\\VdJ\\ LHs) < ||y 2 ^a|| i2(5) +e(\\d u a\\ Loo{S) + \\d u N\\ L ~ {S) + ||V0JV|| L 4 (S )). (7.88) 

7.1.4 Estimates for d u N 

We start by estimating the norm of V<9 w iV in L 4 (5). Let X,Y two vectorfields on E 
independent of uj. We rewrite the first equation of (I4.4p as: 

g{VnxN, UY) = 0(ILX, UY). (7.89) 

We differentiate (I7.89P with respect to uj. Using (17.191) and evaluating at X = e A , Y = es, 
we obtain: 

g{V A d w N, e B ) = dJ AB - {d^N) A a~ l f B a. (7.90) 
Also, using (I7.16p . we have: 

g(V A d w N, N) = -g{d w N, V A N) = -9{d u N, e A ). (7.91) 

Differentiating the second equation of (14.41) and using (17.111) . we obtain: 

VnO^N = -9(d UJ N, e A )e A - a^fd^a + a _1 V ' N ad u N + a~ l f duN aN + a~ 2 d w afa. (7.92) 
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(EHUD, (ESTJ and yield: 

II Vd u N\\ LHS) < \\dJ\\ LHs) + \\fd u a\\ LHS) + (\\fa\\ LHS) + \\9\\ LHS) 

+\\V N a\\ L 4 {S) )(\\d u N\\ L ~ {S) + ||0 w a|U~(S))- 1 } 

Together with fHTTD and (|Q2]> . this yields: 

\Wd w N\\ L , {S) < \\dJ\\ L , {s) + \\fd u a\\ LHS) + e||0JV|| LO o (s) + e||MU«(S)- ( 7 - 94 ) 



Finally, using Corollary 13.81 and Proposition 13. 9[ we obtain: 

II V^iV|| L4(5) < ||V9 w 0||l2 (s) + \\fd^a\\ Lr _ 22]L 2 {Pu) + ||y 2 ^a|| L2(5) g 
+e\\d U) N\\ L o C(s) + eWd^aWLo.^). 

Next, we estimate the norm of Wd u N in L^ 2 2] L 2 (P M ). In view of flEEty , (17311 and 
we have: 

l|v^iv|U^ 2]L 2 ( p 

< II^^IUp 22] L 2 (p u ) + l|o _1 y9 w o|| L «» aia]£! i ( p u) + (||a _1 ya|| L oo 22]L 2 (Pti) 
+ II^IUp 2 , 2] L 2 (p u ) + ||a" 1 Vjva|| i oo 22]X 2 ( p i4) )(||a a; iV|| I , 00( 5 ) + \\d u a\\ L ™ {s) ). 

Together with fTCTTD for a and ffl~T21) for 0, this yields: 

||V9 w JV||£co 2ia]La( p u) < ||9 u 0|| L oo aiaj ^ ( p u) +||y9 w a|| £ » M ^ (Pu) +e(||9 w ^ 
Finally, we obtain: 

||V9 u JV|| L oc a3]La( p u) < ||V^|| L2(5) + ||^a|| LF o 22]L 2 (Pu) +e(||9 w iV|| L co (fl) + \\d„a\\ L ~ is) ). 

(7.96) 

Next, we estimate the norm of dftiduN) in L™H2{P U ). In view of (I7.90p . we have: 

d^d^N) = tr(d u 6) - a~% wJv a. 

This yields: 

\m^N)\\^ Hi{Pu) < \\dJ\\ L ^ Hi{Pu) + \\a-^ d „ N a\\ L „ Hkpu) . 
In view of Corollary 15. 16} we finally obtain: 

\\md„N)\\ L „ Hh(Pu) (7.97) 

< \\VdJ\\ LHs) + \\V(a~ l f dbjN a)\\ L . {s) 

< \\Vd u e\\v (s) + || Vta-^a) \\ LHS) \\d u N\\ L oo (s) + Ha-^alU^HV^JVlU^ 

< + e(||9 w JV|U« (s) + ||V0 U JV|U« ( 5)), 

where we used in the last inequality the estimates (14. 9[) and (14.111) for a. 
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In view of the right-hand side of (I7.59p . we need to control \\ak(N,VN^Nd u N)\\ s . 
In view of (17.921) . we have: 

= -V N 6{d w N,e A )e A - 8(V N d u N, e A )e A - a^fVud^a - ^[V^Ra 
+a- 2 V N afd ul a + a^V^ad^N + a^VNaVud^N - a _2 (V ' N a) 2 d u N 
+V N (a- 1 fa) duN N + a- 1 y xjNdijN aN - a^f^aa^fa + V w (a~ 2 ya)^a 
+a" 2 V Ndujd^a. 

This yields 

VjvVjv^iV = -a _1 yV7v<9 w a - a~ 2 fdV N d u a + a^V^ad^N + H, (7.98) 

where, in view of the commutator formula (I2.18p . the vectorfield H is given by 

H = -V N 0(d u N, e A )e A - 8(V N d w N, e A )e A + a^O ■ fd w a + a~ 2 Vjva^a 

+a~ 1 V N aV nO^N - cT 2 (V Nafd^N + V N {a- 1 ya) dujN N + a^f^^^aN 

—a~ 1 f d ^ N aaT l fa +VN(a' 2 f a )^ a - 

We have 

\\H\\l*(S) < (\\V9\\l*(S) + \\V N (a- 2 fa)\\ LHS) + {\\0\\*(S) + \\V%,N\\»IS) 

+ \\a' 1 fd UJ a\\ L 4 (s) + ||a _1 Va|| L 4 (5) ) 2 j(l + ||9 w iV|| L oc (5) + ||<9 w a|| L oc (5) ) 

which together with (Ojl . fTCTOjl . (Oil) and fl4~T2]) yields: 

ll# IU*(S) < e(||K,a|U*(S) + ||V^iV|| L 4 (5) + ||0JV|| LO o (s) + ||9 w a|U«(s)). (7-99) 
Using the finite band property for Pj, we obtain 



< 



P,K(iV,iJ))|| L2(5) (7.100) 

i f-2,2] Ll (- P ") 

\\ a \\L°°(S)\mL™ 2t2] L2{P u )\\H\\ L 2 iS ) 

e( || || L 4 (s) + ||VdJV|| L 4 (5) + ||3JV|U» (S) + Rallies), 



< 2»||afc(JV,lOII 



< 



where we used in the last inequality the estimate (I7.99P for H, the estimate (14.91) for a and 
the estimate (14.131) for k. Next, we estimate the other terms generated by the right-hand 
side of (17.981) . In view of the product estimate (15.821) . the embeddings (15.741) and Lemma 
15.71 we have 

WPjiakiN^a-'fV^a))^ < V\\kN\\i (p .\\fV N d w a\\ T2H _ h(p (7.101) 



< y\\kN\\ HHS) \\V N d„a 
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where we used in the last inequality the estimates (14. 3 p and (14.131) for k, ( 14.1 ip and (I4.4p . 
Using the finite band property for Pj, we have 

||P j (aA;(iV,a- 2 yaV 7 v«9 aj a))|| L2(5) < 2^\\ak{N ,a~ 2 y a V N d w a)\\ L 2 Ll{Pn) (7.102) 

< 2 3 \\ka' 1 fa\\ L ^ 22]L 2 {Pu) \\V N d w a\\ L 2 {s) 

< 2 J ||fc|| L p 2i2]L 4 ( p u) ||a" 1 ya|| L oo 22]i 4 (Pti) ||V7v9 a ,a|| L 2 (5) 

< 2 3 £W N d ul a\\ L 2( S ), 



where we used in the last inequality the estimate ( I4.13P for k and the estimate (14. lip for 
a. In view of the product estimate ( I5.82p and the embeddings (I5.74p . we have 

\\P 3 (ak(N,a- l V 2 N ad^N))\\ LHs) < 2^\kNd^N\\^ Hi{p J\/ 2 N a\\ LlH - i{Pu) (7-103) 

< v\\kNd^N\\ m{s) \\vla\\ LlH _ hK) 

< 2%(||^iV|| Loo(5) + ||V^iV|| L 4 (5) ), 

where we used in the last inequality the estimates (14 .3p and (I4.13P for k, (14. lip . (14. 4p . 
and the estimate (T2T3T]) for V 2 N a. Finally, ( I738jl -( 17ri03|) imply 

KCJV.VjvV^JV)!! j (7.104) 



< e(Wfd u a\\L4(S) + l|V<9 w A^|| L 4 (5) + \\d u N\\ L °o {S ) + ||<9 w a|| L oo (5) + ||Vjv^ w o| 



We now estimate the norm of d^N in L°°(S). Using (I7.32p and the fact that (£,#) 
coincides with (M 3 ,<5) for \x\ > 1 by section |27T| we have: 

g{d u N, d^N) = I on x.co = -2, (7.105) 

where / is the 2x2 identity matrix. We will estimate the L°°(S) norm of g{d u] N, d^N) — I 
using Proposition 13.101 To this end, we need to estimate the norm of: 

tigid^N, d^N) -I) = 2f{g{fd w N, d u N)), (7.106) 

and 

y7N(g(d„N, d^N) -I)= 2f(g(V N d„N, d u N)), (7.107) 
in L 2 (S). First we estimate the norm of (17.1061) in L 2 (S). Using (I7.90p . we have: 

g(T A duN, d u N) = d u 6(d u N, e A ) - {d^^f^a, (7.108) 

which together with (17.1061) yields: 

f AB (g(d u N, d w N) -I) = 2f A (dJ)(e B , d^N) + 2dJ(e B , f A d w N) 
-2g(f A d 0J N,e B )f 9 N a - 2(d UJ N) B f( a - 1 fa)(e A ,d UJ N) (7.109) 
-2(^iV)^(V7 A ^iV,a- 1 y7a). 

We estimate the norm of 7P 2 (g(duN, d^N) — I): 

Wtig^N^^N) -I)\\ LHS) < \\TdJ\\vw\\d u N\\ L «, {S ) 

+ (H«9^||L 4 (5) + ll^iV|| Loo(5) ||a- 1 y7a|| L 4 (5) )||y7^iV|| L 4 (5) (7.110) 

+ ll^llio 0(5) ||y(a- 1 ya)||L 2( 5), 
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which together with (14.91) and (14.111) yields: 

||y 2 (s(<9JV,«9JV)-/)|| L2(5) < WfdJWv^WduNW^ 

+ e\\^N\\ I ^ (8) )\\f^N\\^ + eRtf||i- (5) . [ '- LLL) 

We turn to the estimate of the norm of (I7.107P in L 2 (S). Using (17.921) . we have: 

g(V N d u N, d^N) = -e^N, d^N) - a^f^d^a) + a~ l V ncl^N^ + a^d^afg^a, 

(7.112) 

which together with (17.1071) yields: 

? A VN{9(d u N,d u N)-I) (7.113) 
= -2y A 0{d w N, d w N) - 49(f A d u N, d„N) - 2f(a~ 1 f(d UJ a))(d U} N, e A ) 

-2g(f A d^N,a- l fd UJ a)+2f(a- l \/ N a)\d ul N\ 2 + Aa- 1 V N ag(fd ul N,d u; N) 
+f(a- 2 fa)d LU a ■ d^N + a^d^afy^a + a^fid^f '^ N a. 

We estimate the norm of ^VN(g(dojN, d^N) — I): 

\\fVN(g(d u N,d u N) - I)\\ L 2 {S) (7.114) 
< ||y 2 ^a|| L2(5) ||^iV||^ (5) + (\\f6\\ LHS) + WfVNah^Wd.NWl^ 

HMlhs) + llVArall^^)!!^^!!^^!!^!!^^ + \\fd u N\\ms)\\Td u a\\ L * {S) 

which together with (0~9]), (OH]) . (ICTD and (T4TT2]) yields: 

\\T? N (ii(d u N,d u N) -I)\\*{S) ( 7 - 115 ) 

+\\?d»N\\ L *w\\Yd u a\\ LHS )- 
Proposition EM (T7TTTTD and (TTTTToD yield: 

||0(0 w iV,0 w N)-I|U»(S) (7.116) 



< 



\fd u N\\ LH s)(\\fd u a\\ LHS ) + \M\lhs)) + (\\tdu,a\\ L2{s) + e\\d u N\\ L « {S ) 



+e\\fd u N\\ L * (8) + || W|| L2(s) )||^iV|| LO c (s) . 
(17.1161) implies: 

\\d u N\\ L «, {S ) < 1 + \\fd u N\\ LHS) + ||y^a|| L 4 (5) + \\dJ\\ LHs) + ||y 2 6> w a|| L2(5) + || W|| i2(5) . 

(7.117) 

Together with Corollary 13.81 Proposition 13.91 and (I7.95p . we obtain: 

RiV|U=o ( s) < 1 + \\fd^a\\ LT _ 22]LHPu) + ||y 2 ^a|| L2(5) + || VdJ\\v {s) . (7.118) 
Finally (E3HD, (EMD, (JZSBD, d73HD, CT), (EMD, (|737D, dUDU) and (TTTTgj) yield: 



||^a|| L oo L2(Pu) + \\fd u a\\ L oo L 2 {Pu) + ||y 2 ^a|| L2(5) + ||Vjv9 w o| 



< 



+ ||V JV 6U|| L ^_i (Pu) + l|V^9 w o||^ H _ i(Ptt) + ||9 w a|U-(s) + \\VdJ\\ L 2 {S) 

+ ||V^iV|| L 4( S) 

e, (7.119) 
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and 

RiVlU^s) < 1, (7.120) 

which concludes the proof of (12.321) . 

7.2 Second order derivatives with respect to to 

The goal of this section is to prove (I2.33p . We first give an outline of the proof. Differen- 
tiating the equation (17.331) for d^a with respect to u, we obtain: 

(Vtv - a^/frdla = 2V 2 N a + fV N a + 2R dMN + ■■■ (7.121) 

where the first two terms on the right-hand side come respectively from the commutators 
[d u ,f\ and [d u ,fi\ (see <|7TTI> and (173^1 ). Since R is in L 2 (S) by gSJ), W 2 N a is in 
L 2 U H^(P U ) by flZHD , and V N d u a is in L 2 U H^(P U ) by fl2T32|) . this suggests in view of 
Proposition 15.341 that: 

Wdl4 LlHkPu) + ll*M L . ff l (J y + ||V^a||^^ (Pu) < e. (7.122) 

Remark 7.3 Note that we may not differentiate the equation (I7.12ip for d 2 a with respect 
to V 'n- Indeed, the term V tv-R^a^tv has no structure: unlike Rnn and Rnb^n which 
were involved in the equation for a and d u a, Ra^Nd^N does not contain any contraction 
with N since d^N is tangent to P u . Thus, unlike VnRnn °> n d V nRno^n , we can not 
write V NRduNduN a tangential derivative using the contracted Bianchi identities for 
R. In turn, we can not obtain any estimate for V 2 N d 2 a. 

Next, we turn to the estimates for d 2 9. Differentiating the equation (I7.66P for d^trO 
and the equation (I7.70p for d w 6 with respect to u, we obtain: 



fd 2 Jr6 = Vk Nd 2 N + ■ 
f B d 2 9AB = Rnbin + 



B q2 "n n . ( 7 - 123 ) 



which together with the estimate (14.31) for R and k yields )Pd 2 9 G L 2 (S) provided d 2 N 
belongs to L°°(S). 

Finally, we turn to the estimates for d 2 N. Differentiating the equations (I7.90p . ( 17.9 lj) 
and (I7.92p for d u N with respect to u, we obtain: 

r f% N = d 2 j + ---, 

\ V N d 2 N = -a- 1 fdla + ■ ■ ■ . {LiZ V 

Together with the fact that yd u 9 belong to L 2 (S) and d w a belongs to L\H^{P^)^ this 
suggests using interpolation that d 2 N belongs to L^Hi(P u ). Since | > 1, and since P u 
is 2 dimensional, we obtain that d 2 N belongs indeed to L°°(S). 

The rest of this section is as follows. We first prove the estimates for d 2 a. Then, we 
prove the estimates for d 2 8. Finally, we conclude with the estimates for d 2 N. 
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7.2.1 Estimates for d 2 ,a 

Recall ( I7.33P and (I7.34p . d^a satisfies: 

VjvcLa — a -1 ^cLa = a _1 /i, (7.125) 

where h is given by: 

h = ~fd„N a ~ a~ 2 cUf a - 2f 9uN V N a + 26{d UJ N, fa) 

-d UJ tv9V N a-tv9f 9uN a + 29d U} e + d 0J (V N (k NN ))+2R NduN . U ' ° j 

Now, differentiating (I7.125P with respect to u and using the commutator formula (I7.13p . 
we obtain: 

V N dla - a-^Ola = ^a^dftiV n^cl^N) + d u h + a^hi, (7.127) 

where hi is given by: 

h x = -ay d ^ N (d u a) ~ a^d^^d^a) + 2d\jv(d UJ N)V N (d w a) 
+29(d u N, ?(d u a)) - d u ti6V N (d u a) - tiOf duN {d u a). 

Together with the product estimate (I5.79p . this yields: 

\\hi\\ms) (7.128) 
^ l|o|k oo (S)||9 (1 ,iV||£«»(s)||y(9 <1 ,o)||i3(s) + ||9 w a|| L oo (S ) \\^(d u a)\\ L 2 {s) 

+ii^a^)ii^^ (Pu) iivAraa)ii^ (Fu) 

+||tr0||£4 (iS )||9 w iV|| i <»(5)||y(9 <1 ,a)||i ( 4(s) + ||^a|| L oo (5) \\h\\ L 2 {s) 
< e(l + l|d^iV)|| L ^ (Pu) + RtrflU^^), 

where we used in the last inequality the estimate (14 .9p for a, the estimate (I4.12p for 9, and 
the estimate (12.321) for d u a and d^N . In view of Corollary 15. 161 and the estimate (17.971) . 
we have: 

ll d ^^)ll^(P„) + il^llx^(P„) 

< ||V^|| I;2(s) + ||V(y awJV a)|| i2(s) 

< + || Vfa\\ L 2 (s) \\d„N\\ L ~ {s) + \\fa\\ LHS )\\Vd u N\\ LHS) 

< e, 

where we used in the last inequality the estimates (14 .9p and (14. lip for a, and the estimate 
f[27Tgj) for dj and d w N . Together with (177125]) . this finally yields: 

IMU»(s)<e- (7.129) 

Next, we estimate the first term in the right-hand side of (17.1271) . In view of the 
product estimate f)5.83p . we have: 

\\mVN{d„a)d„N)\\ LlH _ kpv) (7.130) 

< \\yN(d u a)\\ LlHhip J\\d u N\\^ iS ) + \\yd„N\\ Lr _ 22]L2{Pa) ) 
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where we used in the last inequality the estimate (12.32ft for d u a and d u N . 

Finally, we estimate the second term in the right-hand side of ( 17. 127ft . We first provide 
a decomposition of d 2 N. Differentiating (17. 16ft with respect to u, we obtain: 

g(d 2 N, N) = -g{d u N, d u N), (7.131) 

which yields: 

dlN = U(d 2 N) - \d u N\ 2 N. (7.132) 

Next, we compute d u h. Differentiating (17. 126ft with respect to u and using (17.1321) and 
the commutator formula (17.11ft . we obtain: 

cU = 2\d w N\ 2 V 2 N a - 2a- 1 dft(V N (d LO a)d UJ N) + h 2 , (7.133) 

where h 2 is given by: 

h 2 = -f U (d2 N ) a ~ fd„N( d " a ) ~ a~ 2 d u afi.(d u a) + 2a~'\d UJ a) 2 /^a - cT 2 <9 w a[<9 w , f\a 

- 2 ?n{d*N) VNa ~ 2 fd^fd^ + 20(d 2 iV, fa) + 2d u 0{d u N, fa) + 26(d w N, fd^a 
-V N {a)d u N) - dlti6S/ N a - dJxOV N [d u a) - 2d u ti8f duiN a - trtfV^a 
-^ e fd^N^ a ) + Vfafdla + 2|ya w a| 2 - 2V N af duN d u a - 2f 9uN (a)V N d w a 
-2f diN aV N a - 2\f dujN a\ 2 - 2f duN (d 0J a)V N a - 2f duN aV N (d ul a) + 29d 2 J 

+2\d OJ 9\ 2 + Vg2 N k N N + 2V ' N^NdlN + 4Vq w jv^JV9 w JV + 2V Nkd^Nd^N + 2R NQ 2 N 

Together with the product estimate (15.79ft . this yields: 

INU 2 (s) 

a _2 ^a|| L oo (5) ||^a|| L 2 (5) + ||cr 3 (<9 w a) 2 |U°°(<?) || A a IU 2 (s) 
|a~ 2 0«a|U«(S)||[0«, AHIi^s) + 11^11^(5)11^^11^(5) 

I^M^R^II^s) + \\fV N a\\ L 2 {S) \\dlN\\ LX(s) + ll^all^^H^iVll^^ 

W4L'lS)\\f&N\\ IA w\\&N\\ I/ ~ {8) + 11^11^(5)11^11^(5)11^11^(5) 

\VNa\\ L *(S)\\d u N\\ L *o {S) ) + \\d 2 Jre\\ L ^ 2]L%P J\V N a\\ 



< 



-2,2] 



L*(P U ) 



\ d " tie \\ L ~ H h(pJ VNd " a hiHh(p u ) + \\9utie\\ LHs) \\fa\\ LHs) \\d w N\\ L ^ 
|tr0|| L 4 (s) ||Va|U* (s) ||^JV|| L oo (fif) + \\trO\\ LHs) \\fd u a\\ L A {S) \\d u N\\ L ^s) 
l^ll L ^ (P JI^II L 2^ (Pu) + ll^a||i 4(5) 

^^11^(5)11^11^)11^11^(5) +\\f duN ( a )\\ L ~ H h ( pJ V N d " a \\ Ll HhPu) 

\fa\\ LHS) \\V N a\\ LHS) \\d 2 N\\ L ^ {s) + \\fa\\ 2 LHs) \\d u Nf Loois) 

\fd u a\\ L *(S) ||Vjva|U4 (s) ||9 w JV||Loo (s) + liy^7v( G )ll Ls = p ^ ( p u) ll v Jv^ a ll L 2 uH ^ (Pii) 

22] LHPu)\\d 2 J\\LU 2] L H P u) + IMlL(5) 



1-2, 2] J 



+(||V/C|U 2( 5) + ||^|U 2( 5))(||^iV|Uoo(5) + ||fiUV||£. (J!) ) 



< £(1 + \\^a\\q_ 22] L^p u) + \\fd 2 w a 



l L 2 u H?(P u ) 

87 



+ 11^11^(5) + \\d 2 J\\ LU2]LHPu) ) 



where we used in the last inequality the commutator formula (17.131) and the identity 
(OH), the estimates (0~9]) ( fCTTj) for a, the estimate (l23Tj) for V N a, the estimate (Q2]l 
for <9^#, the estimate f !4.3[) for fc and i?, the estimate H2 .32 j) for 9 w a, (9^6* and d u N, and 
Corollary 15.161 Together with the Gagliardo-Nirenberg inequality ( 13. 9 p and the Lemma 
I5TT21 this yields: 

INb(S) < e(l + \\dla\\ LlHhpu) + \\dlN\\ L ~ {s) + \\fd 2 J\\ LHs) ). (7.134) 

Next, we evaluate the first term in the right-hand side of ( 17.1331) . In view of Proposi- 
tion |523l we have: 

||a|^iV| 2 V>|| L ^_ i(Pu) < (\\a\d u N\ 2 \\ Lao{s) + ||?(a|^iV| 2 )|Up 2i2]X2( p u) )||V^a|| H _, (Pij) 

£ e(l|o|U«»(Sf)ll 9 «- Jv lll«'(S) + WWIl^l^Pu^NWI^ 

+||y9 w JV|| i » aiajia( p ti) ||a|| L oo (s) ||9 (1 ,ivj| £ . ( 5 ) ) 
< e, (7.135) 

where we used the estimate (I2.3ip for V%a, the estimates (14.91) (14. lip for a, and the 
estimate (123211 for <9 w iV. 

Finally, in view of (17.1271) and (17.1331) . we have: 

V N dla - a-^dla = h 3 , (7.136) 

where h% is given by: 

h 3 = -4a- 1 d^(V jV (^a)^A^) + 2|<9JV| 2 V 2 v a + cT 1 ^ + /i 2 . 

Together with the estimates (173291) . (173301) . ([7TT34"p . (17335]) and the estimate (0~9D for 
a, this yields: 

hhs\\ LlH - hPu) (7.137) 



LlH-^(P u ) JV "LIH~?(P U ) 

< e(l + ll^ll^cp.) + II^^IUoo(5) + ll^^|| L2(5) ). 
Now, in view of (17.1361) and Proposition 15.341 we have: 

Together with (I7.137p . this yields: 

ll^ll L ^| (Pu) + II^H L ^(P U ) + 

< e(l + ||a 2 a|| L ^3 (Pti) + \\<%N\\ L ~ {S) + \\fd 2 J\\ L2{s) ). 

Thus, we finally obtain: 

\\%«W LiHkPu) + \\%"W^ HkPu) + HV^a|| L ^_, (Pu) (7.138) 

< s(l + \\dlN\\ L ^ s) + \\fd 2 J\\ LHs) ). 
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7.2.2 Estimates for d 2 6 

Let us start by computing the trace of d^O when seen as a tensor on P u . Differentiating 
f)7.60p with respect to w, we obtain: 

d 2 J(X,Y) = d 2 J(X,Y) -±8fcr6(X. Y - (X.N)(YN)) 
+d u tTO((X.d u N)(Y.N) + (X.N)(Y.d u N)) 

+~tr6((X.dlN)(YN) + (X.N)(Y.d 2 w N) + 2{d w N ■ X)(d u N ■ Y)), 

which yields: 

0ab = d 2 J AB - ^d 2 Jr95 AB + tre(d u N) A {d u N) B , (7.139) 

so that: 

ti(d 2 J) = ti(d 2 J) - dltxO + tiO^Nf. (7.140) 
We compute d 2 tr8. In view of (17.641) . we have: 

d 2 Jre = d„{dJ AA ) = tr(%9) + 2dJ(e A , d w e A ). (7.141) 

Now, in view of (17.21) . we have: 

d u 9(N,.) = -9(d u N,.). (7.142) 

dHHD, (1771121) and 077275]) yield 

d 2 Jr6 = tr(d 2 J) + 29{d w N, d w N). (7.143) 
Finally (l77l4T)|) and (177T743]) imply: 

tr(d 2 J) = tr9\d u N\ 2 - 20(d u N, d u N). (7.144) 

We now turn to the estimates for c^tr#. Differentiating (I7.66P with respect to u, we 
obtain: 

d 2 tr9 = -d 2 w a + 2k N9 2 N + 2k dujNdujN , 

so that: 

fdlti6 = -fdfra + 2k N y dlN + 2ky NQiN + 2fk Nd 2 N + Ak^^^ + 2fk 9 „ NduN 
which in turn yields: 

< \\?%4i?(S) + \ML^L*(p^f^N\\ L ^ ]LHP ^ + \\?N\\ L 2_ 22]LHP JdlN\\ L ~ {s) 
+liy^|| £? _ aa]£ 4 (Pu) ||a u iV'|| L co (s) ) + \\fk\\ L 2 {s) (\\d 2 N\\ L ^ s) + \KN\\ 2 Lao(s) ). 

Together with the Gagliardo-Nirenberg inequality (13. 9p . Lemma f5 . 1 2 1. the estimate (I2.32p 
for d u a and d w N, and the estimate (14. 3p for k, we obtain: 

\\fd 2 Jre\\ L2{s) < \\fdla\\ L2{S ) + e(l + \\t%N\\ L , {s) + \\%N\\ LOO(S) ). (7.145) 
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We now turn to the estimates for J/&^9. We differentiate the third equation of (14. 5 p 
with respect to u. We introduce the symmetric tensor o on S defined by: 

a{X, Y) = dJ(X, Y) + \9{d u N, Y) - ^tx6d„N -Y^jN-X (7.146) 

+ (e(duN, X) - ^tr9d w N -X^jN-Y, 

which in view of (I7.60p and (I7.142p satisfies: 

a(N,.) = a(.,N) = 0. 

We may thus apply the commutator formula (17.2 ip to o . We obtain: 

djv]cx) A = -tx9a duNA - 9 AB a Bdu]N - V N a dujNB + 9 dujNC a CA (7.147) 
+(d UJ N) A 6 B cVcB } 

Now, in view of the definition (I7.146P of a, and the structure equation for N (I4.4p . we 
have: 

ctab = dJ AB , (7.148) 
VatUab = VatC^ab — 9Q^ NB f A a — 9g uNA f B a 

y c a AB = y c d^0AB + dd^NB^AC + 9q uj na9bCi 

which together with (17. 1471) implies: 

([duj, d^v](J )a = —tr0d u 9d u NA ~ 9 AB 8 UJ 9 B Q ulN — V Ndudd^NB + ®duNBfduN a 

+0 9MN f A a + 9u NcdJcA + (d u N) A 9 B cdJcB. (7-149) 
Now, we have in view of (I7.148p . ( 17770]! and (17774} : 

(dfta) A = h, (7.150) 

where h is given by: 

h = -£p A dJxe + V N 9 duNB - -V N tT9{d„N) A + 2tr00 9wiVA + 9 AB 9 B9ojN ^ 

—{d w N) A 9 BC 9cB + Rao u n — (d u) N) A R NN . 

Differentiating (17.1501) and (17.1511) with respect to u, and using (I7.149P and the commu- 
tator formula (17.111) . we obtain: 

(<fyd u a) A = h u (7.152) 

where h\ is given by: 

hi = ~f A dltT9 - ^7 N d u ti6{d u N) A + V N 9 d 2 NA + 2V N d ul 9 dbjNA + f duN 9 duNA 

-^V N tr9(dlN) A - ^V N d u tTd(d u N) A - ~f duN tr9(d u N) A + 2ti99 9 , NA 

+3tr9d UJ 9o UJ NA + 2d UJ tr99g U! NA + 9 AB 9 Bd 2 N + d u 9 AB 9 B g u N + 29 ab 8 u1 9 B q uiN 
-{dlN) A 9 BC 9cB - {d u N) A dJ BC 9 CB - 2(d UJ N) A 9 BC dJ C B - 9 duNC dJ CA 

®du> NB N ^ — QduNduN^ ' A & + RaO^N ~ (d^N) A R NN — 2(d UJ N) A R NdujN . 
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hi satisfies: 

INFOS') 

< \\fd 2 jT6\\ LHs) + \\V9\\ L . {s) (\\dlN\\ L ^ s) + H^iVll^^) + WVdJh^Wd^NW^^ 

M\n*(s)\\H*(s){\\%mz*°m + Wd.NWl^) + \\^L*(8)\\e\\ L W\^ N \\^iS) 

+||i2||x» ( fio(ll^lli-(S) + ll^lli-(fl))- 

Together with the estimate (I7.145P for d^trO, the estimates (14.101) (I4.12p for 9, the estimate 
(I2.32p for d u 6 and d^N, the estimate (14. lip for a, and the estimate (14.31) for R, we obtain: 

Whiles) < \\fdla\\ L2(s) + e(l + \\f 2 dlN\\ LHs) + ||<9>|U~ ( 5)). (7.153) 

Next, we compare d^d w a to dfod 2 9. Differentiating the definition (17.1461) of a with 
respect to u first, and then d^v, we obtain: 

dfid u a = dfid 2 J + h 2 , (7.154) 

where h 2 is given schematically by: 

h2 = f9{d?N + (d^N) 2 ) + fd u 0d u N + d u 0fd u N + 9{fdlN + d^Nfd^N). 

h 2 satisfies: 

IIMx 2 0S) 

< \\yO\\L>(S){\\%N\\ L ~ {S) + 11^1110.(5)) + 11^^11^(5)11^11^(5) 
M\dJ\\L^L*{pJ\fd u N\\ L ^ L * {Pu) 

Together with the Gagliardo-Nirenberg inequality (13. 9p . the estimates (14.101) (14.121) for 9 
and the estimate (I2.32j) for 8^9 and d^N, we obtain 

\\h 2 \\ms) < e(l + \\%N\\ L ~ {S) + WtdlN\\ L2{s) ). (7.155) 
Finally, in view of (171521) . (I7TT53]) . (l7~T54p and (17~T55|) . we have: 

\\dft(d 2 J)\\ L > {s) < \\y%a\\ L2(s) +e(l + ||^iV|| L oo ( 5) + ||y 2 ^iV|| i2(5) ). (7.156) 
Next, we estimate y/tr(d 2 9). In view of (I7.144p . we have: 

¥tr{d 2 J) = |0JV| 2 ytr0 + 2tT9d u Nfd u N - 2f 6(d u N, d^N) - ±9{d u N, fd u N). 
This yields: 

||ytr(^)|| L2( 5) < 11^11^(5)11^111^(5) + ||^|U4(5)||y^iV|U4(5)||^iV|| i00 (5), 
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which together with the estimates (I4.1(jp (I4.12p for 9, and the estimate (12.321) for d u N 
and d w 6 implies: 

\\ftr(d 2 J)\\ LHS) <e. (7.157) 

Together with (I7.156p . we obtain: 

||d^(^-tr(^))|| L2(5) < \\Y%a\\vm +s(l + WSfrNWu-w + ||y 2 ^iv|| L2(5) ). 
In view of the Hodge estimate (I5.69p . this implies: 

\\f(d 2 J-tr(d 2 J))\\ L i {s) < \\fdla\\ LHs) +e(l + KN\\ L <~ {S) + ||y 2 ^iV|| i2(5) ), 

which together with (17.1571) yields: 

\\fd 2 J\\LHs) < || fdla\\ L 2 {s) + e(l + \\d?N\\ L ~ is) + \\f 2 d 2 N\\ L , {S) ). (7.158) 

Now, in view of (17.1391) . we have: 

\\fd 2 J\\ LHS) < \\fd 2 J\\ L2(s) + \\fd 2 Jre\\ LHs) + ||^||ii»(5)||^||i. (s) 
+ \\^\\LHs)\\?du J N\\ LHs) \\d UJ N\\ L ~ {s) 

Together with the estimate (I7.145P for d 2 tr9, the estimate (17.1581) for d 2 9, the estimates 
(OH]) (1412]) for ti9 and the estimate (ET32]) for d^N, we finally obtain: 

\\fd 2 J\\ L2{S ) < \\Y%*\\i?W + e(l + K# ll*»(s) + WtdlNW^). (7.159) 

7.2.3 Estimates for d 2 N 

Let X, Y two vectorfields on £ independent of lo. We rewrite (I7.90P : 

g(Vnxd u N, UY) = dJnxnr - (d u N) U xV U Ya. (7.160) 

We differentiate (I7.160P with respect to u. Using (I7.19P and evaluating at X = e A ,Y = e B , 
we obtain: 

g(y A %N, e B ) - g(y N d u N, e B )(d w N) A - g(V A d w N, N)(d w N) B 
= d 2 J AB - 8J NB {d u N) A - dJ AN {d„N) B - (%N) A f B a 
-(d„N) A f B (d u a) + (d u N) A (d u N) B V N a. 

Together with the identities (T73Tj) . (17321) . (I7.142p . we obtain: 

g{V A %N,e B ) (7.161) 
= d 2 J AB - (%N) A f B a - 2{d„N) A f B {d„a) + 2(d u N) A (d„N) B V N a. 

Next, we differentiate the identity (17.1311) . We obtain: 

g(V A dlN, N) + g(%N, V A N) = -2g{V A d»N, d u N). 
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Together with (I4.4p and (I7.90p . we obtain: 

giy A dlN } N) = -9 Ad 2 N - 2dJ AduN + (d u N) A f d ^ N a. (7.162) 

Finally, differentiating ( I7.92p . and using the commutator formula (17. lip , and the identities 
(T7T2]) and ( Qg) , we obtain: 

V N d 2 N (7.163) 
= -9{d?N, e A )e A - f{d?a) + Vg, N a + V N ad?N - V duN d u N 

-d u 9(d u N, e A )e A + 2f 9uN (d UJ a)N + 2V N (d ul a)d U} N + 2f 9uN (a)d U} N. 

Next, we estimate y7 2 d 2 N. Differentiating (I7.16ip and (I7.162p . we obtain: 

Wf 2 dlN\\ LHS) 

< \\fd 2 J\\ L2(s) + {WfiNWu-m + ||^iV|| if _ 22]i 4 ( p 1i) )(||ya|| i p 22]i 4 (Fti) 

+ \\? 2 4lhs) + \\?9\\ms) + P\\ Lr _ 22] LHPu)) + (\\d u N\\ L ~ {s) + \\fd u N\\ LMH p u) ) 
x{\\fd u a\\ LU2]LHPu) + \\fd u a\\z> {s) + \\fd u e\\v> {S ) + \\0\\l T _ 22] lhPu)) 
+(RiV|U~(S) + ||^iV|| L ^ 2]L 4 ( p u) ) 2 (||yVa|| i2(5) + ||Va|| if _ 22]X 4 ( p u) ). 

Together with the Gagliardo-Nirenberg inequality (I3.9p . the estimates (I4.9P (I4.1ip for a, 
the estimates (14. 10ft (14.12ft for 9, and the estimate (I2.32p for d w a, d u 9 and d^N, we obtain: 

WfdlN\\ L2{s) < \\fd 2 J\\ LHs) + e{\ + H^iVlU^s) + ||y 2 ^iV|| i2(5) ), 

Wf 2 dlN\\ LHs) < \\fd 2 J\\ LHs) + e(l + \\%N\\ LX[S) ). (7.164) 
Next, we estimate VjvC^iV. In view of (17.1631) . we have: 

V N %N = -f(%a) + 2V N {d u a)d w N + H, (7.165) 

where H is given by: 

H = -e{8^N,e A )e A + V B&N a + V N aa^N -V^^N 
-d u 9(d u N, e A )e A + 2f 9uiN (d u a)N + 2fg uN (a)d u N. 

We have: 

\\?H\\l* { s) 

< (\\dlN\\L~(S) + ll^iV|| Lf _ 22]L4(Pu) )(||^|| Lp2i2]L4( p u) 

+ \\f9\\ L 2 {s) + ||Va|| LE x> 2i2]L 4 (Ptt) + \\fVa\\ L 2 {s) ) + \\fV duN d u N\\ L 2 {S) 
+(RiV|U~(s) + ||^iV|| x ^ 2]i 4 ( p u) )(||a^|| x ^ 2]i 4 ( p u) + \\fdJ\\ LHs) 
+\\fd u a\\ L oo 22]LH p u) + \\f 2 d u a\\ L 2 iS) ) + (||^iy|| L ^ (5) 
+ ll^iV|| L p 2i2]L 4 ( p ti) ) 2 (||y7a|| L p 2i2]L 4 ( p u) + \\f 2 a\\ L 2 {s) ). 
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Together with the Gagliardo-Nirenberg inequality ( 13. 9p . the estimates (14 .9p ( 14.1 ip for a, 
the estimates (I4.10p ( I4.12p for 9, and the estimate (I2.32p for d^a, 8^9 and d^N, we obtain: 

\\fH\\ LHS) < e(l + \\%N\\ LOO{S) + \\f 2 dlN\\ L2{s) ). (7.166) 

Also, Lemma [5. 121 yields: 

IIWS«)ll L5 „ i(P .)^l a " a IU*V.r < 7 ' 167 > 

The product estimate (15.851) implies: 

\\VN(d u a)d„N\\ LlHh(Pu) < \\VN(d u a)\\ LlHh{Pu) (\\d u N\\ L ^ s) + Wf^NW^^), 

which together with the estimate (12.321) for d^a and d u N yields: 

\\V N {dua)d„N\\ LlHh{Pu) <e. (7.168) 

Finally (17TTB5]) . dUSBJ, (JZHSB and ( CTSj) imply: 

HV^iVH^x (pu) < ||9>|| L ^3 (Pii) + e(l + + ||y 2 ^iV|U 2(5) ). (7.169) 

Next, we estimate the L°°(S) norm of d^N. In view of Corollary 15.191 we have: 
\\%N\\l~(S) < Wf 2 dlN\\ LHs) + IIV^ATH^^. 
Together with (I7.164p and (I7.169p . we finally obtain: 

WfdlN\\ LHs) + llV^iVH^i^ + ||«^iV|U~ (5) (7.170) 

< wmww +11^11^3^+6. 

Finally, flUM}, ( IZIMD and f|7TT70|> yield: 

II^Hx^!(P u) + W% a \\ L „ H h {Pu) + \\V N dla\\ LlH _ kpu) (7.171) 

+ ll^llL 2 (5) + liy 2 ^Ar|| i2(5) + ||V^>|| L ^i (Pu) < e, 

and: 

< 1, (7-172) 

which concludes the proof of (12.331) . 

7.3 Third order derivatives with respect to uj 

The goal of this section is to prove (I2.34p . We first give an outline of the proof. We start 

with the derivation of an equation for d^u. Recall that div(iV) = tr#, iV = Vu/|Vu|, 
a = 1/| Vw| and tr6* = 1 — a + fcjvjv, so that: 

div ( ) = 1 - -L + k NN . (7.173) 
\\\/u\J \vu\ 
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Differentiating (I7.173P three times with respect to uj yields: 

(V N - a- x f)dlu = fdla +■■■. (7.174) 

In view of the estimate (I2.33j) for d^a and the parabolic estimate (I5.117p . this suggests 
that d^u satisfies the following estimate: 

\\d^\\ LlHhPu) + II^II^| ( p u) + \\VNdlu\\ LlHhpu) < 1. (7.175) 

Now, since d^u G L^H^(P U ) and P u is 2-dimensional, we obtain that d^u belongs to 
L°°(S). 

The rest of this section is as follows. We start by deriving the equations for d^u and 
d^N. Then, we prove the estimates for d^u. 

Remark 7.4 Note that d^u = d^(x.uj) on x.uj = —2, which yields: 

\d^u\ ~ \x\ when \x\ — > +oo on x.uj = —2. (7.176) 

This lack of decay is a problem when one tries to solve (I7.174p . However, recall from 
section [7] that the final solution will be equal to x.uj in the region \x\ > 2 so that the 
estimate (I2.34p is clearly satisfied there. Thus, we may estimate ipdj^u instead of d^u, 
where if is a smooth function on X equal to 1 on \x\ < 2, ip > on E ; and tp ~ |x|~ 3 
when \x\ goes to infinity. Then, ipdj^u is L 2 on x.uj = —2. Also, the lower order terms 
generated by commuting (17.1221) with the multiplication by ip are all under control since 
they are localized in a compact region of \x\ > 2 where u is explicitly given by u = x ■ uj. 
In the rest of the section, we omit this detail and we assume that the decay of d^u is 
sufficient at x.uj = —2. 

Remark 7.5 One may ask whether it is possible to obtain estimates for higher order 
derivatives of u and a with respect to uj. Consider first d^a. Differentiating the equation 
(17.1271) for d 2 a twice would yield: 

(V N -a- 1 fi)dta = V 2 N dla + -- - . 

Now, we notice in Remark \ 7. 3\ that one can not obtain an estimate for V%a, so that the 
above equation for d^a is useless. On the other hand, differentiating the equation (I7.174p 
with respect to uj, we obtain: 

(V N - a- 1 ^ )dtu = fd^a + ■ ■ ■ . (7.177) 

Now, differentiating Vu = a _1 A^ three times with respect to uj, we obtain: 

8? a = -aV N d?u + ■■■ 

which together with (I7.175P suggests that d^a belongs to L^H^Pu). Thus, in view of 
(I7.177P and the parabolic estimate (15.1151) . we see that d^u is at best in L^if a(p n ) which 
does not embed in L°°(S). Interpolating with (I7.175p . we see that the best estimate we 
might hope for is: 

dl +& u e L°°(S) for all 6 < ~. (7.178) 

Remark 7.6 Note in conjunction with Remark \2. 13\ that the estimate (17.1781) would still 
be at least half a derivative away from allowing to apply the TT* method in step C2. 
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7.3.1 Derivation of the equation for d 3 N and d 3 u 

We first establish the link between <9 2 log(a) and d 2 u: 

Lemma 7.7 <9 2 log(a) and d 2 u are linked by the following equality: 

dl log(a) = -aV N {dlu) - |<9JV| 2 + (d u log(a)) 2 . (7.179) 

Proof We start with the equality Vw = a _1 iV. Differentiating it with respect to u, 
we obtain: 

X/d^u = a- l d u N - a -1 ^ bg(a)JV, (7.180) 
which together with (I7.16P yields: 



fd u u = a~ l d u N, 
VnO^u = -a~ x d u log(a). 



(7.181) 



Differentiating the second equation of (17.1811) with respect to u yields: 

V N dlu + f duN d w u = -ar l dl log(a) + a -\d w log(a)) 2 . (7.182) 
Together with (|7.18ip . this yields (|7.179p . ■ 

Next, we establish the link between d 3 ,N and d 3 ,u: 
Lemma 7.8 d 3 N and d 3 u are linked by the following equality: 



d*N = af(dlu) + (3d 2 log(a) - 3(d u log(a)) 2 )^iV + 3d u log(a)<9 2 iV 
+ (-3s(«9JV,«9 2 iV) + 3d UJ \og(a)\d UJ N\ 2 )N. 



(7.183) 



Proof Differentiating the first equation of (I7.18ip with respect to u> and using (17. lip 
yields: 

fdlu - f d ^ N (d w u)N - V N (d u u)d u N = a~ l dlN - a~ l d w \og{a)d w N. (7.184) 
Together with (17. 181 j) . this yields: 

d 2 u N = af{dlu) + 2d u ]og{a)d u N - \d„N\ 2 N. (7.185) 
Differentiating (I7.185P with respect to u, we obtain: 



%N = ad u {f(%u)) + ad u \og(a)f(dlu) + 2<9 2 \og{a)d u N + 2«9 W log(a)«9 2 iV 
-2g(dlN, d w N)N - \d u N\ 2 d u N. 

(ITTT]) . ( E73S5D , (EH and dUMD yield: 

dlN = a(f(dlu)-f d ^ N (dlu)N-V N (dlu)d^N) +08^(0)^0^) 

+2«9 2 log(a)d u N + 2d w log(a)<9 2 iV - 2g(d 2 UJ N J d„N)N - \d w N\ 2 d w N 
= afffiu) + (3d 2 log(a) - 3(d u log(a)) 2 )^iV + 3<9 W log(a)<9 2 iV 
+ {-3g{d w N, OlN) + 3<9 W log(a)|^iV| 2 )iV, 

which implies (I7.183p . 

We finally derive an equation for d 3 u: 



(7.186) 



(7.187) 
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Lemma 7.9 d^u satisfies the following equation: 

(VN-a-'^u (7.188) 
= 2a- 2 V a 3,v(log(a)) - 2a~ 2 k(N, d?N) - eT 1 ^ log(a)^« + 2a~ 1 f d ^ N V N d 2 UJ u 
+<9 2 \og(a)(3a- 2 d UJ tre - 2a' 1 d u log(a) - 8a~ 2 f^ N log(a) + 4a~ 2 k(N, d u N)) 
+Aa~ 2 f dijN dl log(a) + 6o~ 2 Vagjv9 u log(o) - 12cT 2 <9 w log(a)V a 2 Ar log(a) 
+12cT 2 «9 w log(a)Jfe(JV, <9 2 iV) + 6cT 2 fl(d w iV, «9 2 iV) - ZaT 2 trtg(d u N, <9 2 iV) 
-Qa- 2 k(d^N, dlN) - Zar l g(d u N, d 2 N) - 5a~ 2 (^ log(a)) 2 ^^ 
+2a~ 2 dJ(d UJ N,d UJ N) - 16a- 2 ^log(a)y awjV (^log(a)) - 2a- 1 (6L log(a)) 3 
+a- 2 (^log(a)) 2 (16^(log(a)) -8k(N,d u N)) + ^ log(a)(4a- 2 ^|^iV| 2 
-8cT 2 #(<9 w iV, «9 w iV) + 12a" 2 fc(^A^, d^iV) + 3a -1 |SL,JV| 2 ). 

Proof We start by obtaining an equation for d u u. We differentiate the first equation 
of (@3D by u: 

d^trO - 2k(N, d^N) = -ad,, log(o). (7.189) 
By (14. 4p . we have tr# =div(iV), and differentiating with respect to u, we obtain: 

w tr0 = div(9 w JV). (7.190) 

Now, for any vectorfield X tangent to P u , we have: 

div(X) = dft(X) + f x log(o), (7.191) 

which together with (I7.16P and (I7.190p yields: 

<9 w tr# = djv^iV) + ^ log(o). (7.192) 

(THm (TTTH91 and (173921 imply: 

(Vtv - ar 1 ^^ = a~ 1 f\og(a)fd LU u + o -2 ^^ log(o) - 2a~ 2 £;(iV, (7.193) 

which together with the first equation of (I7.18ip yields: 

(Vjv - a- 1 ^ )d u] u = 2a~ 2 f duN log(a) - 2a' 2 k(N, d^N). (7.194) 

We differentiate (17.1941) with respect to uj to obtain an equation for d 2 : 

Vtv(<9» + f^ N (d u u) - a-^dfru) - a- l [d^ fi\(d u u) + a- 1 ^(log(a))f (cU) 
= 2a- 2 f 9uN (d u log(a)) + 2a- 2 Va^(log(a)) - 4a~ 2 ^ \og(a)f duN log(a) 

-2a~ 2 k(N, d 2 w N) - 2a~ 2 k(d ul N, d^N) + 4a~ 2 ^ log(a)A:(JV, d u N). (7.195) 

The first equation of (173811 and (173921) yield: 

fi(d u u) = a^dutre - 2a~ l y duN log(a). (7.196) 
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(1733]) . qHSH) , dZJSSD and ( jUgg) imply: 

(Viv - )fl£« = -2a- 1 V 2 (M(A^,^iV) + 2a- 2 V 9 2 W (log(a)) 
-2a- 2 A;(iV, d 2 iV) + 2a' 2 ^(log(a))^tr^ + 2a~ 2 % N (d u log(a)) , , 

-6a- 2 ^log(a)^ 8wjV log(a) + 4a- 2 oUog(a)A;(iV, c^iV) ^' ±y ^ 
-a^tr^A^ 2 - 2aT 2 k{d w N, d w N) - aT^Nl*. 

Using (I7.18ip . we rewrite V 2 (d ul u)(N, d^N) as: 

V 2 (d u u)(N,d u N) = V^(V w (<9^))-Vv a ^(oU) 

= ^s w jv(- a_1 ^ M a )) - 0(d w N, e A )f A (d u u) , , 

= -a- 1 y 9wiV (^log(a)) + a- 1 ^log(a)^ iV (log(a)) 

(JH97D and (171981) yield: 

(Vjy - a^fidfcu = 2a- 2 V d 2 N (\og(a)) - 2 a - 2 k(N, d^N) + 2a- 2 d U] i\og(a))d w ti6 
+Aa~ 2 y^ N (d U} log(a)) - 8a- 2 c> w log(a)y^ log(a) + AaT 2 d u log(a)k(N, O^N) 
-a-hrOld^Nl 2 + 2a~ 2 9(d ul N, d u N) - 2 a - 2 k(d UJ N, d„N) - o _1 |9 w iV| 2 . 

(7.199) 

Differentiating (17.1991) with respect to w, we obtain: 

(V N - a^fodlu + y duN dlu + a" 1 ^ log(a)fd 2 M - a' 1 ^, 
= 2a- 2 V a 3 JV (log(a)) - 2 a - 2 k(N, %N) + 2a~ 2 d UJ log(a)«9 2 tr# 
+<9 2 log(a)(2a- 2 ^tr^ - Sa" 2 ^^ log(a) + 4a~ 2 k{N, d u N)) 
+Aa~ 2 f 9 N d 2 w log(a) + 6ar 2 V% N d u log(a) - tfcT 2 ^ log(a) log(a) 
+8a~ 2 ^ log(a)k(N, d 2 N) + 4a~ 2 9(d ul N, d 2 w N) - 2 a - 2 ti9g(d ul N, d 2 w N) 
-da~ 2 k(d u N, d 2 N) - 2a- 1 g(d 0J N, d 2 u N) - 4a" 2 (^ log(a)) 2 6Ur# 
-a" 2 ^tr^|^iV| 2 + 2a- 2 d w 9{d w N, d^N) - 16a" 2 SL hg{a)f d N (d u log(a)) 
+a~ 2 {d L0 log(a)) 2 (16y a N (hg(a)) - 8k(N, d u N)) + d w log(a)(2a- 2 trfl|«^Af 
-4a- 2 9(d ul N, d u N) + %a- 2 k(d w N, d u N) + cT^Af ). 

(7.200) 

Using (I7.185p . we have: 

y d ^ N dlu = ar x g{d u N,& u N) - 2a' 1 d w \og{a)\d u N\ 2 . (7.201) 

dZHH]) and (|7J2I1> yield: 

[d u , ^}0lu = -2V 2 dlu(N, d^N) - d^x9V N dlu - ti9f d N & u u 

= -2f duN V N dlu + 26(d w N, fd 2 u) - d u tr6V N %u - ti9f dujN d 2 u, 

(7.202) 

which together with (17.1851) and (17.1791) implies: 

[d u , £]d 2 u = -Tf duN V N dlu + a-^ixOdl log(a) + 2a~ 1 9(d UJ N, d 2 N) 

-a- l tr9g{d u N, d^N) - a^SLtrfl^ log(a)) 2 + a^d^ld^N] 2 (7.203) 
-AaT x d u log(a)0(0 w iV, w iV) + 2tr6d„ log(a)|6Uf. 

Differentiating the first equation of (14.51) twice with respect to u, we obtain: 

<9 2 tr# = -adl log(o) - a(d u log(a)) 2 + 2A;(JV, <9 2 AO + 2k{d w N, d w N). (7.204) 

Finally, (17^00]) . (HMD, (17^031) and (1720311 imply (171881) . ■ 
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7.3.2 Estimates for d 3 ,u 

The equation (17.1881) takes the form: 

(Vjy - a- l /^)dlu = h, (7.205) 

where h is given by: 

h = 2a~ 2 V d 3 N (\og(a)) - 2a' 2 k(N,dlN) 

-ar l d u log(a)£fl£u + 2a" 1 f Q N V N d 2 u + <9 2 log(a)(3a- 2 <9 w trfl - 2a~ 1 d ul log(a) 
- 8a ~ 2 fd^N lo g(«) + ±a- 2 k{N,d w N)) + 4a- 2 y 9uJV ^ log(a) 
+6a" 2 V 9 2 log(a) - 12a~ 2 d u \og(a)V d 2 N log(a) 
+ 12a- 2 ^ log(a)fc(iV, <9 2 iV) + 6a~ 2 ^(^iV, <9 2 iV) - 3a-Hi6g{d w N, d^N) 
-Qa^kid^N, dlN) - 3o _1 </(8L,iV, <9 2 iV) - 5a~ 2 (<9 w log(a)) 2 <9 w tr# 
+2a~ 2 <9^(cliV, c^iV) - 16a- 2 6Uog(a)y a ^(^^(a)) - 2a" 1 log(a)) 3 
+a- 2 (^log(a)) 2 (16y a N {\og{a)) -%k{N*d u N)) + ^ log(a)(4a- 2 tr#|clAf 
-%a- 2 0{d w N, d„N) + 12a" 2 A;(^Ar, c^iV) + 3a~ 1 \d UJ N\ 2 ). 

Let < 6 < We estimate the norm of h in L 2 l H b (P u ). Using the product estimate 
(15. 78 p . we have: 

\\h\\LlH\P u ) 

< \\a- 2 V d 3 N (\og(a))\\ LlHb{Pu) + \\dlN\\ Llm{Pu) \\a- 2 k\\ L ^ Hh{Pu) 
M\d^\\ L ^ H ^ [Pu) \\^dlu\\Lim{p u ) + \\a~ l fd u N V Ndlu\\ L 2 Hb{Pu) 
\\d>g{a)\\ LWPu) ^ 



+ 

+ 

+ 
+ 

+ 

+ 

+ 

+ 

+ 



\ a ~ 2 yd^N d l lo &(. a )\\LlH*(p u ) + ll^ 2 V 9 2jv^log(a)|| L 2 H 5 ( p u) 
|a- 2 ^log(a)||^^ (Pu) ||9 2 Ar|| L ^^ (Pu) ||Vlog(a)|| L 2 Hl(Pti) 

\9lN\\ L 2 H i {Pu) (\\a- 2 d u log(a)\\ L ooHi iPu) 

|a- 2 tr0d u JV|| i x + ||a~ 2 A;<9 w iV|| i, 



+ ||a~ 2 ^iV|| 



L 2 U H?(P U ) + 



i._ .Ha^JVlliyHi^) 



l^og(a)|| L$fffV J 



LIH^(P U ) 

a _2 ^^|U- 221 ii(p u )||y(^log(a))|| i 2 iH i (Fu) 

+ II a -1 ^ log(a NI|J 



-2,2] 
|2 



a 1 d UJ log{a)\\ LlH i {p J\d U] log{a)\\i^ Hl{Pu) + \\a 'o u log(aj ||I» H i (Pu) 



i )i|a 2 (^A^) 2 || L 2 P i (Pij) . 



x(ll^(log(a)|| L ^ (Pu) + ||^iV|| L2 ^ (Ptt) ) 

+11^10^)11^(^(11011^^ + 11*11^^, 

Together with the embedding (I5.74p . the estimates (14. 9p and (14. lip for a, the estimate 
(1440]) and fl4TT2|) for 0, the estimates (@~3D (1443]) for k, the estimate (I2T32P for d u a, d^N 
and (9^0, and the estimate (I2.33P for d 2 log(a) and d 2 N, we obtain: 

WHlIhHPu) (7-206) 
< ||a~ 2 V a 37v(log(a))|| L 2 p6(Pu) +e||^ 2 M|| L 2 P i (Pti) + h^f^ N V nc^uW^h^p^ 

+\\ a ~ 2 fd u ,N 8 fc l °g( a )\\LiHi>(p u ) + l|a" 2 Va57v<9 w log(a)|| L 2 P 5 (Pti) + £ + e||a^|| L 2 P i (Pu) . 
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Next, we estimate the various terms in the right-hand side of (I7.206P starting with the 
fifth one. Using the decomposition (I7.132p of d 2 N, we have: 

a' 2 V d 2 N d w log(a) = -a~ 2 \d w N\ 2 V N d u log(a) + a- 2 f n{dlN) d w log(a). 

Together with the product estimate (I5.78p . this yields: 

ll^ 2 V a 2^1og(a)|| L 2 H 5 ( p u) (7.207) 

< \\a^d w N\\ 2 L ^ Hl{P jV N d w \og(a)\\ LiHi{Pu) + W^NW^^^Jfd^ \og(a)\\ LlHHPu) 

< e, 

where we used in the last inequality the embedding (15.741) . the estimate (14. 9 p for a, the 
estimate (12.321) for d^a, d^N, and the estimate (12.331) for d 2 N. 

Next, we estimate the first term in the right-hand side of (17.2061) . We first provide a 
decomposition of d^N. Differentiating (I7.13ip with respect to u, we obtain: 

g(%N,N) = -3g(%N,d u N), 

which yields: 

%N = ILffiN) - 3g(dlN, d^N. (7.208) 

We obtain: 

a- 2 V diN (\og(a)) = -3a- 2 ( 7 (^iV,^iV)V i v(log(a)) + a- 2 y n(a 3^)(log(a)). 
Together with the product estimate (I5.78p . this yields: 

\\a~ 2 V d 3 N (\og(a))\\ LlHb{Pu) < ||^|| L? ^ (Pn) ||a- 2 a u JV||£«HHP«)ll v iv(log(a))||£affi(p u ) 

HdlN\\ Llm(Pu) \\a- 2 f\og(a)\\ L ^ Hi{Pu) 
< £(1+11^11^^)), (7.209) 

where we used in the last inequality the embedding (15.741) . the estimates (14. 9p (14. lip for 
a, the estimate (12.321) for d^N, and the estimate (12.331) for d 2 N. 

Next, we estimate the fourth term in the right-hand side of (I7.206p . We have: 

a~ 2 f dbjN dl log(a) = m^ 2 dl log(a)d u N) - d^(a" 2 ^iV)^ log(a). 
Together with the product estimates (I5.84p and (I5.78p . this yields: 

\\a- 2 f^ N d 2 Jog(a)\\ LiHb{Pu) (7.210) 

< ||djv(a- 2 ^log(a)^iV)|| L2uH6(Pii) + ||d^v(a- 2 ^iV)5 2 log(a)||^ (Pu) 

< (ll« log(^)||^^a ( ^ ) + log(^)|| i _^ i( ^ ) )(|| a - 2 ^iV|U^ C c ?) 

-2,2] J 

< F . 



|y(a- 2 ^iV)|| Lr i2(Pii) + ||d^v(a~ 2 ^iV)|| L ^ 1(Pu) ) 



where we used in the last inequality the estimate (14. 9p for a, the estimate (I2.32j) for d^N, 
and the estimate (I2.33P for d 2 log(a). 
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Next, we estimate the second term in the right-hand side of (17.2061) . In view of ( 17.1 85p . 
we have: 

Tl(dlN) = af(dlu) + 2d w \og{a)duN. 
Differentiating, we obtain: 

dm(dlN)) = aftS&u) + f(a) ■ f(d 2 u) + 2f duN (d w log(a)) + 2d w log(a)d^(^iV), 

which together with (17.1851) implies: 

f(<9» = a- 1 dm(dlN))-a-y n(d , N) a + 2a- 1 f d ^ N (a)d UJ log(a) 
-2a- 1 ^ iV (^log(a)) - 2a~ l d UJ \og(a)dft(d ul N). 

This yields: 

\\Hdlu)\\ Llm{Pu) (7.211) 

< (Ha^lUoo^ + ||y(a- 1 )|Up 22]i 4 (Pti) )(||d^(n(^iV))|U^ 1( p ti) 

+ ||y 2 ^log(a)|| L2(5) ||^iV|| L ^ (5) ) + ||y 2 a|| L2( 5)(||^iV||^(5) 

+||5 a ,log(a)||^ (S )||^Ar||^ (s) ) + ||y 2 ^log(a)|| x2(s) ||a- 1 ^|| I/ o 0(5) 

+ 11^10^)11^(5)11^^11^^^) + ||y 2 ^log(a)|| L 2 (s) ||^iV|| L c- 22]L 4 ( p u) 

< e, 

where we used in the last inequality the estimates (14.91) (14.121) for a, the estimate (I2.32p 
for d u a and d^N, and the estimate (12.331) for d 2 N. 

Next, we estimate the third term in the right-hand side of (I7.206p . Differentiating the 
identity (I7.179p . we have: 

= ^fa^N (-o -1 ^ log(a) - a- l \d^N\ 2 + aT\d u log(a)) 2 ) 
= -a' 2 f 9bjN (d 2 Jog(a)) + a- 3 ^ Jv log(a)(^log(a) + \d^N\ 2 - (^log(a)) 2 ) 
-2a~ 2 ^iV • f duN d u N + 2a~ 2 d UJ ]og(a)f^ N (d u log(a)). 

Together with the product estimate (I5.78p . we obtain: 

W^fa^NdluW^H^ (7.212) 
< lla ~ 2 fd u A d l lo s( a ))\\LiHHPu) + W a ~ 3 fa u N lo s(a)\\ ToaH ^ (P ,(ll^log(a)|| L a^i (Pu ) 



+ \\ d u N \\L~Hi(p u )\\du J N\\ LlHHPu) + ||9 w log(a)|| LSOJ/ i ( p u )||9 w log(a)|| L 2 H i ( p tt )) 
+ \\d UJ N\\ L ~ m{Pu) \\fd w N\\ Llm{Pu) 

+ ||^log(a)|| L ^ H i (Pu) ||y^log(a)|| L 2pi (Pti) ||^iV|| L ^pi ( p ti) 



< 



where we used in the last inequality the estimate (17.2101) . the embedding (I5.74p . the 
estimates (14. 9p (14.111) for a, the estimate (12.321) for d^a and d^N, and the estimate (I2.33P 
for d 2 log(a). 
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Finally, in view of fl730E|) ; (TTWp . CTH , (17T2T0"]) . (TT2TT]) and (EM), we obtain: 

IWk^(p„) < ^ + ellWkflW (7-213) 

In view of the equation (I7.205P for d^u, the estimate (I7.213p . and the estimate (I5.117P for 
parabolic equations, we obtain: 

\\dlu\\ Lim+b{Pu) + \\dlu\\ L oo m+b{Pu) + \\V N ^u\\ LlHb{Pu) < e + e\\d?N\\ LiHHPu) , (7.214) 

for any < b < |. 

Next, we estimate d^N. Recall (17~T83]) : 

c£iV = ay(9» + (3^1og(a)-3(^log(a)) 2 )^iV + 3^1og(a)^iV 
+ (-3£(<9JV, «9 2 iV) + 3^ log(a) |<9JV| 2 )iV. 

Together with the Gagliargdo-Nirenberg inequality (13. 9p . this yields: 

H^lkjPW (7-215) 

< + liya|Up 2i2] L 4 (P u ))ll^«IU2H2(p tl ) 

+ (||<9 2 log(a)|| LSH i(p u ) + (ll^log(a)|| L5fH i (Pti) + ||cUog(a)|| L ^ (5) ) 2 ) 
xdl^JVllLgofli^) + 11^11^(5)) + (||9 w log(a)||i«fli(p u) + ||9 u log(o)||2ico (s) 
+||^iV||^^ ( p n) + ||^iV||^ (5 ))(||^iV|| i ^(P u ) + ||5 2 iV||^(5)) 
+(Rlog(a)||^ 1(Pu) + ||^log(a)|| L ^ (5) )(||^iV|| L ^ 1( p ii) + ||0JV|| £ oo (s) ) 2 

< e(l + \\dlu\\ LlHHPu) ) } 

where we used in the last inequality the estimates (14.91) (14.121) for a, the estimate fl 2 . 3 2 j) 
for d u a and d u N, and the estimate (12T33D for <9 2 log(a) and <9 2 iV. (177211) and (177215]) 
imply: 

l&lktf2 +i , (Pu) + \\d*u\\ L? * H i +b{ p u) + \\V N dlu\\ LlHb{Pu) < e(l + \\dlu\\ L 2 H2(Pu) ), 
for any < b < \. This yields: 

11^11^^2+5^) + \\d^u\\ L oo H i +b{ p u) + \\V N d^u\\ L 2 Hb{ p u) < e, (7.216) 
for any < b < |. Now, the strong Bernstein inequality for scalars ( I5.6ip yields: 

j>0 




L^H^+ b (P u ) 



\\9^u\\LS'H 1 + b (P u ), 



where the last inequality hods for any b > 0. Together with ( 17.2 16p . we finally obtain: 

ll<9>|U~ (s) < 1. 

This concludes the proof of (I2.34p . 
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8 A global coordinate system on P u and E 

The inequalities in section [3] and [9] have been derived under the assumption that P u can 
be covered by a finite number of charts satisfying the conditions (13. 7p and (I5.32p such 
that the constant c > in (13. 7p and (15.321) and the number of charts is independent of u. 
In this section, we prove that a covering of P u by such coordinate systems exists. We first 
prove the existence of a global coordinate system on P u , which corresponds to the proof 
of Proposition 12.81 We then show that (13.71) and (15.321) hold for this global coordinate 
system on P u with a constant c > independent of u. Finally, we also introduce a 
global coordinate system on £ for which we control the determinant of the corresponding 
Jacobian, which corresponds to the proof of Proposition 12.91 

8.1 Proof of Proposition 12.81 

Recall the definition (12351) of $ u : P u ->• T w § 2 : 

$ u (x) := duu(x, u). 
where T^S 2 is the tangent space to § 2 at u. 

stepl $ u is a local C 1 diffeomorphism 

We first prove that $ M is a local C 1 diffeomorphism. Using (17. 181 j) we obtain a formula 
for d& u : 

d$ u = fd u u = a-^N. (8.1) 

In particular, if ex, e 2 is an orthonormal frame on TP U and (<p, tp) are the usual spherical 
coordinates on S 2 , we have: 

Jac* u = a-i( 9 \^ ei \ f^ 61 ]). (8.2) 
V 9[9 v >N,e 2 ) g{d i ,N,e 2 ) J 

Our estimates for a and d u N together with (18. 2p imply that we control $ M in C 1 . We 
deduce a formula for (Jac$ u )* Jac$ u from (18. 2ft : 

which we denote for simplicity by: 

(Jac$ u )*Jac$ u = a' 2 g(d UJ N 1 d^N). (8.4) 

Recall that u coincides with x.u in \x\ > 2, so that (Jac$ u )*Jac$ u is equal to the 2x2 
identity matrix I in this region. According to (I2.30p and f 1 7 . 1 1 6 j) . we have: 

|| (Jac$ u )* Jac$ u - < e, (8.5) 

so that | det((Jac$ u )*Jac$ u ) — 1| < e. In turn, this yields: 

|||det(Jac$„)|-l|| L oo (s) <e. (8.6) 
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From the fact that $ n is C 1 and (18. 6p . we deduce that $ u is a C 1 local diffeomorphism. 
step2 $ u is onto 

We continue by showing that Q u is onto. The image of $ u is a nonempty subset of 
T w § 2 which is open since it is a local diffeomorphism at each point in P u . Let us show that 
the image of $ u is also closed in TJs? . Indeed, consider a subsequence $ u (x n ) = y n that 
converges to some y in T w § 2 . In particular, y n is a bounded sequence. Since u coincides 
with x.u in the region \x\ > 2, it is easy to check that 

lim |$u(£)| = +oo, 

xGP u , \x\— >+oo 

so that x n must be a bounded sequence too. Thus, we may extract a subsequence from x n 
that converges towards some x_EP u . Finally, we have *& u (x) = y by the continuity of $ u , 
so that the image of $ u is closed. Thus, the image of $ u is a nonempty open and closed 
subset of T^S 2 . Since T W S 2 is connex, the image of $ u coincides with T^S 2 , and $ u is onto. 

step3 $ u is one-to-one 

We conclude the proof of Proposition 12.81 by showing that $ u is one-to-one. Let 
us assume the contrary. Then, there exists x± and x<i in P u such that x\ ^ X2 and 
®u(xi) = $11(^2)- In particular, using the definition (12.35P of $ u and the usual spherical 
coordinates (<f,ip) on S> 2 , we have: 

c^w^i, u;) = d tp u(x2, uj) and d^,u{x\, u) = 8^u(x2,uj). (8.7) 

We define a := c^w^i, a;) and (3 := d^u(xi, lo). (18. 7p implies that: 

{(9 ¥ ,u(.,u;) = a} and {<9,/,ii(., cu) = /5} intersect at two distinct points in P u . (8.8) 

Our goal from now on is to prove that the situation described in (18. 8p can not hap- 
pen. Let us first show that the level curve {d v u(.,uj) = a} is connex in P u . Note that 
{dpU^.jOu) = a} coincides with the union of two half straight lines in the region \x\ > 2 
since u coincides with x.u there. Let us call C_ and C + the connex component containing 
each of these half straight lines. Let xq a point on {c^ii(.,o;) = a}. We consider the 
following curve: 

^ = «yV(Mr)),M0) = x . (8.9) 

Since d v N is tangent to {d v u(.,uj) = a}, we see that the curve \i is contained inside 
= a). Note also that according to (18. 3p and (18.51) . we have \d v N\ ~ 1 every- 
where, so that \i exists for all r e R and does not have a limit in P u when r — > ±00. Let 
us prove that: 

lim \h(t)\ = +00. (8.10) 

T— >±00 

Indeed, if ( I8.10p does not hold, then we can construct a sequence (r n )„ gN such that 
r n — > ±00 and /i(r n ) — > x for some x in {d v u(., u>) = a}. Now, since ^f/d^u = a~ 1 d^N(x) 7^ 
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0, the implicit function Theorem implies the existence of a neighborhood V of x in P u 
such that {dpu(.,u>) = a} coincides with a single arc of curve in V. Let n G N large 
enough such that /i(r„) G V for all n > uq. Then, for each n > and for r sufficiently 
close to r n , fi(r) lies inside V and is therefore on this arc of curve. Since \i does not have 
a limit in P u when r — > ±00, this implies that fi(r) covers the whole arc of curve inside 
V for each n > n and for r sufficiently close to r n . Thus, ;u(t) must be periodic. 

Let us now consider the connex components of P u \ {/u(r), r G R}. If there is only one 
such component, then there is a neighborhood W in P u of {/i(T), r G R} where c^w 7^ a 
on W\ {/u(r), r6l} and W\ r e R} is connex. Thus, either c^w > a everywhere 

on W \ {/u(r), r G R}, or c^w < a everywhere on W \ {//(t), r G R}. In both cases, d v u 
reaches a local extrema on {/i(V), r G R}, and its gradient vanishes. This is impossible 
since yd^u = a~ x d 9 N(x) 7^ everywhere. 

Assume now that P u \ {//(r), r G R} has at least two connex components. Since 
{/i(r), r G R} is periodic, it is compact, and at least one connex component must be 
precompact. The boundary of this connex component is {yu(r), r G R} where d^u = a. 
So d v u reaches a local extrema inside this precompact connex component, and its gradient 
vanishes there. This is impossible since a~ l d ip N(x) 7^ everywhere. This concludes the 
proof of §JM- 

Since (I8.10p holds, this means that any point xo in {c^w^, Co>) = a} belongs either 
to C_ or to C + . We now prove that C_ = C+. Assume the contrary. Consider x for 
example on C + . Then since C + coincides with a half straight line in the region |x| > 2, 
fl8.10p implies that C + C\ {\x\ > 2} is covered at least twice by fi{r) (when r — > —00 and 
when t — > +00). Thus, fi(r) takes at least one value twice and must be periodic, which 
is in contradiction with (18.101) . Thus C_ = C + and the level curve {d^u^^u) = a} is 
connex in P u . 

We now prove that the situation described in (18.81) can not happen. Let x\ and £2 the 
two distinct points of (18.81) where {d^u^.^uj) = a} and {d^u(.,u) = (3} intersect. Since 
the level curve {d^u^., uj) = a} is connex in P u , {d,pu(.,u) = a} \ ({xi} U {^2}) has three 
connex components in P u . Also, since {d v u(., u) = a} coincides with the union of two half 
straight lines in the region \x\ > 2, one of these three connex components is precompact. 
Let us call C this precompact connex component of {d v u(., u>) = a}\ ({xi} U {x 2 }). Note 
that its boundary DC consists of {£1} U {x 2 }- Then, since d^u{x\) = d^u(x 2 ) = (3 by 
(18.71) . d^u reaches a local extrema at a point x inside C. Thus, the tangent vector to 
{dpU^jUj) = a} and {d^u(.,ui) = (3} at x must be collinear. This implies that d^N^x) 
and d^N(x) must be collinear. It is impossible since f 18 . 3 j) and (I8.5P yield \d 9 N\ ~ 1, 
\d^N\^l&ad\g(d v N t d^N)\<e. 

Finally, we have proved that the situation in (I8.8P can not happen so that $„ is 
one-to-one. This concludes the proof of Proposition 12.81 

8.2 The control of the Christoffel symbols 

We now show that the global coordinate system induced by $ u on P u satisfies (13. 7p and 
(I5.32p such that the constant c > in (13. 7p and (I5.32p is independent of u. 
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Proposition 8.1 Let u E § 2 . Let $ u : P u — > T w § 2 defined by (I2.35p . Then, it induces a 
global coordinate system on P u which satisfies: 

\lAB{p)i A i B ~ |£| 2 | < e|£| 2 , uniformly for all p E R 2 . (8.11) 
Moreover, the Christoffel symbols T BC verify, 

J2 [ K c \ 2 dx l dx 2 <e\ (8.12) 

Proof The coordinates functions on P u induced by the global C 1 diffeomorphism $ u 
defined in (I2.35P are given by: 

x 1 = dyu(., to), x 2 = d^u(.,uj), (8.13) 

which using (18 .ip implies: 

a-^N, — = a~%N. (8.14) 



dxi ' dx 2 

Since lAB = g(£., ^), (ED, O and (El imply (JSHJ. 

We now turn to the proof of (I8.12p . By definition of the Christoffel symbols T^ c , we 
have: 

In view of (I8.14p and (I8.15P , the Christoffel symbols are of the form: 

T = a - 3 g{V^ N d u N, d^N) - a^f^agid^N, d u N), (8.16) 
which together with (17. 1081) implies: 

T = a - 3 d u 6{d u N, d^N) - 2a~ 3 f dLjN a\d u] N\ 2 . (8.17) 
fl2T30|) . fl2~32|) and fl8T7j) imply: 

l|r|U^(P u) < \\dJ\\ L ~Li { p u )\\duN\\ 2 Loom + WfaW^mpJld^NWl^ < e, (8.18) 
which is (18.121) . This concludes the proof of Proposition 18.11 ■ 



8.3 Proof of Proposition gJS 

Let u E S 2 . Recall the definition fl2T36|) of $ : S -»■ M 3 : 

$(x) := m(x, a;) a; + cLw(x, u;) = w(a;, u)u + $«(x), 
where $ u has been defined in Proposition 12.81 
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We start by showing that $ is one-to-one. Assume that <&(xi) = $(£2) for x% and x 2 
in E. Then, since the image of $ u is contained in T w § 2 , u.§ u (x) = for all x £ E, so we 
have from (12. 36ft : 

u{x u u) = u(x 2 ,u) and § u{xi)Ul) {xi) = <& u {xw){x2)- (8.19) 

Since $ u is one-to-one by Proposition 12.81 (I8.19P implies x\ = x 2 . Thus, $ is one-to-one. 

We now prove that $ is onto. Let y £ R 3 . Then y = (y.u)u + y' where y' belongs to 
TJB 2 . Let u = y.cj. Since $ u is onto by Proposition 12.8} there exists x £ P u such that 
®u( x ) — y' ■ Thus, u(x,u) = y.u and $ u (a;) = y' so that $(s) = y by (I2.36p . Therefore, 
$ is onto. 

We now turn to the proof of (12.371) . Using the fact that Vw = a~ 1 N together with 
(17.1811) we obtain a formula for c?$: 

d$ = (Vm)w + Vd^ = a _1 Nu + a^d^N - a^d^aN. (8.20) 

In particular, if ei,e2 is an orthonormal frame on TP U and {<-p.,ip) are the usual spherical 
coordinates on 8 2 , we have: 

(1 -d v a -d^a \ 

g(d v N, ei ) g{d^N,e x ) . (8.21) 
g{d v N,e 2 ) g(d^N,e 2 ) J 

We deduce from (18.211) a formula for (Jac$ u )* Jac$„: 

(Jac$ u )*Jac$ u = a -2 

(1 -<9 v a -c^a \ 

-d^a (c^a) 2 + g{d v N, d^N) d tp ad li) ag{d li> N d v N) 

-d^a d 9 ad^a + g(d^N,d 9 N) (d^a) 2 + g(d,pN, d^N) ) 

Taking the determinant yields: 

det((Jac$)*Jac$) = cT 2 det((Jac$ u )*Jac$ u ), (8.22) 

which together with (18.51) implies: 

||det((Jac$)*Jac$) - l|| L ~(s) < e. (8.23) 

(I8.23P yields (I2.37p . This concludes the proof of Proposition 12.91 

9 Additional estimates 

This section is dedicated to the proof of Proposition ^. 10} Proposition ^. 1 H and Proposition 
EI2J 
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9.1 Proof of Proposition 12.101 

We start with the proof of the estimate (12.381) . We first derive an estimate for ViV and 
V 2 iV. In view of the structure equation (14.41) . we have: 

||VJV|| La(S ) + \\V 2 N\\ L 2 {S) < \\e\\ L 2 (s) + \\a-ya \\ L 2 {S) + \\V6\\v> (S) + \\V(a~ l fa)\\ L 2 {s) 

< s+\\V(a-ya)\\ L2{s) , (9.1) 

where we used in the last inequality the estimate (14 .9p for a and the estimate (14.101) for 
9. Now, we have: 

\Wa- l fa)\\v, {S ) < Wfia^faW^ + W^Na^faW^s) 

< ||a -1 || i oo (s . ) (||yVa|| i 2 (l s) + \\[V N ,f}a\\ L 2 {s) ) + ||a~ 2 || L ~ ( s)||Va|| L 4 (5) 

< e+\\[V N ,f\a\\ L 2 {S) , 

where we used in the last inequality the estimates (14. 9 j) (14. lip for a. Together with the 
commutator estimate (12.181) . we deduce: 

IMa-y^Wv^s) < e+\\[\/ N ,f}a\\ L 2 {s) 

< e + (\\6\\ L * {3) + \\a~ l fa || £ 4 (s) )||Va|| £ 4 ( s ) 

< e, 

where we used in the last inequality the estimates (14.91) (14. lip for a and the estimate 
(I4.10p for 9. In view of (19. ip . we finally obtain: 

\\VN\\ L 2 {s) + \\V 2 N\\ L 2 {s) <e. (9.2) 

Next, recall from Proposition 13. 101 the following bound on the L°°(S) norm of a tensor 
F on S. We have: 

\\F\\l~(S) £ ll^(-2, 0IU*(P- a ) + \\VF\\ L i {s) + \\fVF\\ L 2 {s) . (9.3) 

Now, recall that u = x ■ u in \x\ > 2, and thus P u =-2 = {x ■ u> = —2}. Therefore, P_2 is 
included in the region \x\ > 2. In particular, if F = in \x\ > 2, we may use (19.31) and 
obtain: 

||^||l-(s) < ||VF|| L 2 (S) + ||yVF|| L 2 (s) for all F such that F = in \x\ > 2. (9.4) 

Also, working in the global coordinate system on P u given by Proposition 12.81 we easily 
derive 

II/IIl2(p u ) < \\ff\\^(P u ) for any scalar / such that / = in P u n {|x| > 2}. 
Integrating in u, and in view of coarea formula (13.51) . we deduce 

||/IU 2 (s) ^ ||y/IU 2 (s) for any scalar / such that / = in |x| > 2. 
With the choice / = \F\, this yields 

||-^||l 2 (S) ^ ||y-F , |U 2 (s) for any tensor F such that F = in \x\ > 2. 
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Together with (19. 4p . we finally obtain 

||-F|U°°(E) < ||yVF|| L2(E) for all F such that F = in |x| > 2. (9.5) 

Since u = x ■ u in \x\ > 2, we have in particular iV = u> in |x| > 2. This yields: 

iV(x, cu) + iV(x, — w) = u — uo = in \x\ > 2. 

Thus, using the estimate ( 19 .5p with F = N(.,cj) + N(., —u) implies: 

\\N(.,lj) + N(.,-cu)\\ L oo (i:) 
< ||V 2 iV(.,u;)|| i2(s) + ||V 2 iV(.,-a;)|| i2(E) 



where we used the fact that ViV = in \x\ > 2 and the estimate (19.21) . This concludes 
the proof of the estimate (I2.38p . 

Next, we prove the estimate (12.391) . We have: 

N(x,u') = N(x,u) + d ul N(x,cu)(cu -u') + [ dlN(.,cu")dcu"(uj -co') 2 . 
This yields: 

\\N(x,u)-N(x,u')\-\d u N(x,u;)(u-u/)\\ < \\%N\\ L o. (s) \u - u'\ 2 (9.6) 

< l^-^'| 2 

where we used in the last inequality the estimate (12.331) for <9 2 iV. Now, the estimate 
(17.1161) implies: 

\\g{d w N,d w N)-I\\ L ~ {s) <e. 

This yields: 

\\d U! N(x, to) (to — oo')\ — \to — co'\\ < e\u — oo'\. 
Together with (I9.6p . we obtain: 

\\N(x,u)-N(x,u')\ - \u-u'\\ < \w-u'\(e + \u-u'\). 

This concludes the proof of the estimate (12.391) . 

Finally, we prove the estimate (12.401) . We first estimate u, d^u and d 2 u. Differentiating 
the equality V« = a _1 iV, and using the structure equation (14.41) . we obtain: 

l|V 2 u|| L 2 (5) < ||a _2 Va|| L 2 (5) + ||a _1 6»|| L 2 (5) < e, (9.7) 

where we used in the last inequality the estimate (14 .9p for a and the estimate (14.101) for 
9. Also, differentiating the identity (I7.180P for Vc^ii, and using the structure equation 
(jPL we obtain: 

||V 2 6U|| L 2 (5) (9.8) 

< ||a _1 V9 w iV|| L 2 (5) + ||a _1 V^a|| L 2 (5) + (||a" 2 Va|| L 4 (5) + ||a _1 6»|| L 4 (5) ) 
x(||^a|| LO o (5) + H^JVUloojs)) 

< F. 
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where we used in the last inequality the estimate ( 14. 9 p for a, the estimate (I4.10p for 9 and 
the estimate ( 12 .32 j) for d^N and d^a. Finally, differentiating (I7.180P with respect to to, 
we obtain: 

V(d» = a^dlN - a^dlaN - 2 a - 1 d u Nd u) a + a' 2 (d w a) 2 'N . 
Differentiating with respect to y, we obtain: 

\\fVdlu\\ LHs) (9.9) 



< ||a" 1 |U-.(S)(||V^JV||r a( 5) + \\fdla\\ L 2 {s) ) + (\\a- 2 fa\\ Lr _ 22 
MW^h-^LHpM^ht^^) + \Ka\\ Lf LHPu} 



[-2,2] u " v " ^ "^[-2,2] K uJ "^[-2,2] 1 

+ H^ a llL2_ 2i2] L4 (Pii) ||^iV|| L ^ (5) + ||^a||^ 2]L8(Pu) ) 

+ ||yd aJ a|| L 2 (5) ||<9 w iV|| L oo ( , ?) 

+ ||^a|| L o 0(5) (||a- 2 ya|| L2(s) + Ha-^iVU^) 

< e, 

where we used in the last inequality the estimates (14. 9p (14.111) for a, the estimates (I4.10p 
(1402]) for 9, the estimate fEpfej) for d w N and d^a, and the estimate fl2T33|) for d^N and 
<9 2 a. 

Recall that for uG§ 2 , the map : E — > IR 3 is defined by: 

*&ui( x ) '■= u(x, u)oj + (9 w m(x, oj). 
Since u = x ■ oj in |x| > 2, we have: 

•^(z) = x for |x| > 2, 

which yields: 

w(x,u;) - & u (x) • w = 0, d u u(x,oj) - d u (® v (x) ■ oj) = 0, (9.10) 
and d 2 u(x, oj) — <9 2 ($„(:£ ) ■ w) = in |a;| > 2. 

Now, let v e § 2 . We first estimate cfcu(x,u) - dl($ u (x) ■ oj). In view of (I9.10p and 
(I9.5p . we have: 

\\%u{.,u) -%{*„{.). (9.H) 

< \\fV%u(. : uj)\\ L2{m + ||V 2 ^ M (.,z,)|| i2(s) + ||V 2 M (.,z/)|| L2(s) 

< e, 

where we used in the last inequality the estimate (19. 7p for u, the estimate (19. 8p for d^u, 
and the estimate (19. 9p for d 2 u. 

Next, we estimate duju(x,u) — d^i^y^x) ■ oj). We have: 

<& v {x) ■ oj = u(x, v)v ■ oj + d^u^x, v)oj (9-12) 

= u(x, v) + d^u[x, v)[oj — v) — - — - — — u(x, v) , 
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where we used in the last equality the fact that d^u^x, v)v = 0. Thus, we obtain: 

duufa, co) — du($v(x) ■ uj) = d^u^x, u) — d^ui^x, v) — {uj — u)u{x, v) 

d 2 u{x, uj'){uj — v) — {uj — u)u{x, u), 



where uj' is on the arc [u, u] of S 2 . Together with (19.101) and (19. 5p . this implies: 

\\d u u(.,u)-d u ($ v (.)- (9.13) 

2(s) + ||vy.,z/)|| L2(E) ; 



< i^-Hdl^'vsX^OIU^ + llvM-^)!!™) 



< 



EW — Z/ 



where we used in the last inequality the estimate (19.71) for u and the estimate (19. 9p for 
<9>. 

Finally, we estimate u(x,u>) — <& u (x) ■ uj. In view of (19.121) . we have: 



u(x, uj) — $ v {x) ■ uj = u(x, uj) — u(x, v) — d^u[x, v){uj — v) + - — - — ^—u{x, v) 

d?u{x,uj')(uj - v) 2 + — ^ u{x,u), 

where uj' is on the arc [u, v\ of § 2 . Together with (19. lOj) and ( 19. 5p . this implies: 

||w(., uj) — $*,(•) ■ 

(9.14) 

< |o;-z/| 2 (||yVa>(.,a;OI|L 2 (E) + ||VV.,z/)|| L2(s) ) 
^ e\u-u\ 2 , 

where we used in the last inequality the estimate (19.71) for u and the estimate (I9.9P for 
dlu. 

Finally, ( 19. lip . (I9.13P and (19.141) imply (I2.40p . This concludes the proof of Proposition 
9.2 Proof of Proposition I2TTT1 

Recall from the first equation of (14.51) that ti9 — k^N = 1 — a. Now, since a satisfies 
(I2.30p . ti6 — k NN satisfies: 

\\V N (tT6 - k NN )\\ L 2 {s) + \\f(tre - k NN )\\ Lr _ 22]L 2 {Pu) + ||yV(tr0 - k NN )\\ L 2 {s) < e. 

Thus, Proposition 12.111 is a direct consequence of the following proposition: 
Proposition 9.1 Let a scalar function f on S such that f = on u = —2 and: 

\\yf\\L T _ X2] mP u) + \\v N f\\ LHs) + wyvfWvm < e. (9.15) 

Then, we have: 

B<e. (9.16) 
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The rest of this section is dedicated to the proof of Proposition 19.11 

Proof Using the definition (j2.41j) . (I3.15p . property (iii) of Theorem 15.51 and (I9.15p . 

we have: 

Wfh = ^2 23 \\ P jf\\L™ 22] L2(P u ) + \\P<of\\L™ 22] L2(P u ) 

< 53 2^11^/111,^(11 v^fWvw + \\fpjw L 2 (S)J 2 

i>o 

+\\P<of\\l H s)(\^NP<of\\ms) + WfP<of\\ms)f> 
Z EllA^lli(s ) (llv^/lli"(fl) + 2- i ||A/lb(s)) 4 (9 ' 17) 

i>o 

+||/|II 2(5 )(l|V^<o/|U 2 (5) + ||/|U 2 (5))^ 

< e» ( EH V ^ P ^lli(5) + \\VaN p < f\\i {s) ) +e, 

\i>o / 

where we used the estimate (12.321) for a in the last estimate. The term \\V a NP<of\\L 2 (s) 

i 

is easier to bound, so we concentrate on estimating the sum ^2j >0 \\^aNPjf\\l2^ S y 

Let < 5 < 1. In view of the finite band property for Pj, and the commutator estimate 
f)5.76p . we have: 

\\V aN P,f\\ L 2 {s) (9.18) 

< ||Pi(V aiV /)|U 2 (s) + ||[V ai v,P,-]/|U 2 (s) 

< 2-t\\f(y aN f)\\»W + 2-^e(\\m^(s) + \\ffh r _ 2i2] L^)) 

< 2-^e(\\a\\ L ^ s) \\fVNf\\ms ) + IIW^^jllV^/H^^p.) 

+ \\^f\\ L2{S) +\\ff\\ L ~ 22]L 2 {Pu) ) 



where we used in the last inequality the Gagliardo-Nirenberg inequality (13.91) . the estimate 
fl2T30|l for a and the estimate lETTS!) for /. Since 5 < 1, fl9T7l) and fl9~T8fl imply (19161) . 
This concludes the proof of the proposition. ■ 



9.3 Proof of Proposition 12321 

We decompose Vjva in the following way: 

Vjva = a{ + a>2, where a{ = P > j/ 2 (V no) and a J 2 = P<j/2(y 'no). (9.19) 
Using the estimate (14. 9p for a and the finite band property for Pj, we obtain: 

H\\ms) < Yl \\ P ^Na\\ L 2 (s) < ^ 2- l \\fV N a\\ LHs) < 2^' 2 e. (9.20) 

l>j/2 l>j/2 

We also have: 

\\V N 4\\ L 2 {S) < ^ HV^V^IU 2 ^) < \\VaNPiV N a\\ L 2 (s) , (9.21) 

l<j/2 l<j/2 
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where we used in the last inequality the estimate ( 14. 9 p for a. 

Next, we estimate VaTv-PzV no-- Let 5 > 0. In view of the finite band property for Pi 
and the commutator estimate (I5.72p . we have: 

||V a ArPzVAra|| L 2 (5) < || P t (aV^a) || £3(5) + || [V aA r, Pi) V N d || £3(5) 

< 2^||aV>|| L ^_i (Pu) + £||A^ +5 V w a||£ 2(5) +e||A 5 V^a|| i p 2i2] £2 (Pij) . 

Together with the product estimate (I5.80p . we obtain: 

||V aJV P i V w a||£ 2(5) (9.22) 

< 25(||a||£oo ( 5) + ||ya||£oo 2 _ 2] £2 (Pti) )||V>|| i 2 H _i (Pu) + e||yV7va||£2 (5) + e|| V N a\\ L ^(p u ) 

< 2i£ + s\\V N a\\ L oo H s iPu) , 

where we used in the last inequality the estimate ( 12.301) for a and the estimate (12.3 ip 
for V%a. Now, in view of the decomposition (16. 6p of V^a, and the estimates (I6.8P and 
( 16.1 Op . we have for all j > 0: 

\\PjV N a\\ L oo 22]L 2 {Pu) < 2~*e, 



which yields: 



|Wa||^)_ (Pu) <£. (9.23) 



Choosing < 5 < ~ in (19T22|) and using (19T23|) finally yields: 

\\V aN PiV N a\\ L 2 {s) <2h. 
Together with (19.211) . we obtain: 

\\V N ai\\ L 2 (s) < £)2*e<2*e. (9.24) 
Finally, in view of (I9.19p . ( I9.20p and ( I9.24p . we obtain the conclusion of the proposition. 



A Proof of Proposition 14.2 



Remark first that (14.471) for j = 1 has already been obtained in the section 14.11 We prove 
(I4.47P by iteration on j. Let us first start with the case j = 2. 

A.l Proof of ( BZD for j = 2 

We start by estimating || V| r a||£2(5) and ||y 2 Vjva|U 2 (5)- By (I4.29P and (12.201) . we have: 

(Vjv -a~ l ^)V N a = h, (A.l) 
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where h is defined by: 

h = -a-hrBfia - 2a- 1 6f 2 a + 2a~ 2 fafV N a - 2R N a~ l fa - ftvOa^fa 
+29\a- 1 fa\ 2 + 29V N 9 + V 2 N k NN + V N R NN . 

We estimate ||/i||l2(s): 

IHU 2 (S) < \\0\\L^(s)\\f 2 a\\ L ^s) + \\fa\\ L p z2]L A {Pu) \\fV N a\\ L 2_ 22]Li[Pu) 
+ \\R\\L^ ( s)\\fa\\ L 2 {s) + ||ytre|U2_ 2j2]i 4 ( p tt) ||ya|Up 2j2] i4 {Pu) 
+P\\ms)\\fa\\ 2 L&{S) + ||^Up 2j2] ^(p„)||V^|| if _ 22]L ; (Pu) 

+ || V^r/CATAr||L2(5) + || VjV-RjViv|U 2 (S), 

which together with gl]), f l4TTT|) . fl4TT2|) . f Q6|) and fOO|) yields: 



(A.4) 



IHU 2 (S) < e(||0|U«(S) + liyViva|| if _ 2j2]i 4 {Pu) + \\ftr9\\ Ll ._ 2 ^ {Pu) 

+ \\Vn6\\ L 2_ 22]LHPu) + e 2 ) + M. 

Together with f^9]l . Proposition I3TTT71 fl49|) and (HUT]) , this implies: 

IWU 2 (S) < V 2 0\\ms) + liyVjvall^^) + e) + M. (A.5) 
Proposition EEl (BSD, (BID, ( BHD , (B32D, (jA3D and ([OD yield: 

l|yVisra|Up M L»(p u) + II V>|U 2(5 ) + ||y 2 V^a|| i2(5) < e|| V 2 e\\ ms) + M. (A.6) 

Let us now estimate ||y 73 a|| i 2( 5 ). We differentiate the second equation of (14. 5 p with 
respect to ^7 and we obtain, in view of the commutator formula (12.241) : 

a~ 1 ^fa = h + fV N a, (A.7) 

where h is defined by: 

h = -a~ 2 fa^a + Ka^fa + 29f9 + fV N k NN + fR NN . (A.8) 

(IA~7D yields: 

\\a- l ^fa\\ LHs) < \\h\\ L 2 (s) + \\fV N a\\ L2(s) . (A.9) 

We estimate ||/i||l 2 (s): 

IWU 2 (S) < \\fah^ %2] L^p u )\\f 2 a\\ L 2_ 22]LH p^ + \\K\\ L3is) \\fa\\ L 6 {s) 

+II^IUp 2 ' 2] ^(P«)II^IUf_ 2i2 ^*(P u ) + liyV^Awll^cs) (A.10) 
+ \\^Rnn\\l 2 (s)- 

Together with (jMD, (HTTll . fl4T2D and P5| . this yields: 

INU 2 (s) < 5(||y 2 a|| L 2_ 2i2]i4 ( Pii ) + e 2 + M) + £||^|| L 2_ 22]i 4(p u ) + M. (A.ll) 
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Together with <^M>, (jUJ) and fTCTUj) . this implies: 

WHlhs) < e(\\ta\\ LHS ) + 11^11^(5) + M) + M. (A.12) 
Now, (Ojl . (Q2J) and (lOBjl imply: 

||K|| L 3 (5) + ^(jy < ||0|| 2 i6(5) + \\0\\l r _ 22]LHPu) + M<M + e 2 . (A.13) 

dSISZD and (IA~T3|) yield: 

||y 3 a|| i2(5) < ||Aya|U 2(5) + ||ir||^ 22]L2(Pu) ||y 2 a|| Lf 22]L4(Pti) 

+||^|Ua (s) ||ya|| L 6 (5) ' (A.14) 
< \\^fa\\ LHs) + (M + e 2 )\\f 2 a\\ Lf _ 22]LHPu) + (M + e 2 )e. 

Together with (I3.9P and (14.91) . this implies: 

||y 3 a|| L2(5) < ma\\ LHs) + (M 2 + e 2 )e. (A.15) 
(Oil . (TO]) , (TA~T2l and (IA~T5l) yield: 

liy 3 a||L 2 (5)<^liy^l|L 2 (5)+M. (A.16) 

Let us now estimate Hy 2 ^^^). We differentiate the first equation of (14. ip . which 
yields together with (T4T9]) and (l4T4"6j) : 

||y 2 tr^|| L2(5) < ||y 2 a|| L2(5) + ||y 2 ^|| < £ + M. (A.17) 

Let us now estimate ||y 2 $||.L 2 (s)- We consider the Hodge operator T> 2 which takes any 
symmetric traceless 2-tensor F on P u into the 1-form dyvF. Let *T> 2 its adjoint which 
takes 1-forms on P u into the 2-covariant symmetric traceless tensor (*T>2F)ab = ^b^a + 
J/ a Fb — {&i/vF)^AB- We have the following identity: 

*V 2 V 2 = -^ + K. (A.18) 

Thus, applying *V 2 to the third equation of (14. 5p . we obtain: 

0= 2K9-* V 2 (ftr6) - 2*V 2 (R N ,). (A.19) 
0X39} together with (RMh and (TATfl) yields: 

\\0\\l^s) < \\K0\\lhs) + M + e. (A.20) 
The analog of (EOT!) for 2-tensors, (Q2]l . (IA~T3|) and flA~20l) yield: 

ny^iu 2 (5) < ii^ii^ 2j2]i2( P„)ii^iUf_ 2 , 2] ^) + \mLs {S )\\e\\L° {s) +M+e 

<(M + e 2 )\\f6\\ LU2]LHPu) + (M + e 2 )e + M + e. 
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Together with (I3.9P and (14.1 Op . this implies: 

\\f 2 9\\ LHS ) <M. (A.22) 



Finally, f lATTj) and flA~22]) yield: 



\\y9\\ LHS) < M. (A.23) 

Let us now estimate || VVat^||l 2 (s)- Differentiating the last equation of (14.51) by V, 
taking the norm in L 2 (S), using (I2.17p . and estimating the various quantities in the same 
fashion as previously, we obtain: 

II WnOWvw < \\f 2 V N a\\ LHs) + e\\V 2 6\\ LHS ) + M. (A.24) 
Finally, COD . fTA~T6]) . fTA~23l and fTA~24D yield the proof of flPTD for j = 2. 

A. 2 Proof of (S2Z0 for j + 1 assuming ( IPTl ) for j with j > 2 

We state two lemmas which will be used in the course of the proof. 

Lemma A.l Let F a tensor on S and I G N. Assume that (I4.47P holds with j = 2. 
Assume also that H^V^aH^^ < C(M). Then, we have the following inequality: 

||V Z F|| L2(5) < C(M) (\\V l N F\\ LHs) + U^Fll^s) + ^||V m F|| L2(5) J . (A.25) 

\ m=0 / 

Lemma A. 2 Let f a scalar function on S. We have the following commutator formula: 
[V^a-W = j(2a~ 1 faf + a' 1 ^a+ (j - l)^" 1 ^ | 2 )V^/ 

+ (flf tj ^io) (fi r^vfo) (n^v^) f si ^f (A,26) 

\l=l / \m=l J \n=l / 

where tj, tf, v^v^, to* and w 2 satisfy: 

t\ + --- + t 1 p + v{ + --- + v 1 g +w 1 1 + --- + w 1 r + s 1 = 2, 

t\ + • ■ ■ + t\ + v\ + ■ • • + v 2 + w\ + • ■ ■ + w 2 + s 2 = J - q - r, (A.27) 
t 2 <j-l,0<l<p, s 2 <j-l. 

We postpone the proof of Lemma IA.1I to section IA.3[ and the proof of Lemma IA.2I to 
section IA.41 We now continue the proof of Proposition 14.21 We differentiate the second 
equation of (14.51) by V^: 

(Vjv - a- 1 ^ )V> = h, (A.28) 

where h is defined by: 

h = \y j N , oT^a + V J N (\6\ 2 ) + V 3 ^k NN + V j N R NN . (A.29) 
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We estimate ||^||z,2( 5 ). Using ( I4.46P and ( ]A.29[) . we obtain: 

\\Hl H s) < HlV^a-^ollx-^ + ||V;(|^| 2 )|| L2(5) + M. (A.30) 

If j = 2, we have: 

\\v 2 n (\o\ 2 )\\li {s) < \\e\\ L ~ { s)\\v 2 e\\ L i { s) + \\ve\\l HS) < m\ (a.si) 

where we have used Proposition 13.101 to bound the L°°(S) norm. If j > 3, using (I4.47P 
for j and Leibnitz formula yields: 

11^(1^)11^) < \\^ P nL^s)\\^ p 0\\ LHs) <C(M). (A.32) 

0<P<j/2 

We now estimate || [V J N , a~ l /^s\a\\L2^ with the help of (1A.26R . We have: 



\a l fafV 3 N a\\ L 2 {s) <\\a l fa \\ L ™ 22] LHP u )\\a ^afV^aWq^^ 

<" 1 1 V7^ II II V/\/ j II 1/2 

V 7V a llL 2 (S)ll r V iV a llL 2 (S)> 



(A.33) 



\a-ya | 2 V>|| L2( 5) < llo-^a ||loo (5) ||V>|| i2(5 ) < C(M), (A.35) 



where we have used (13.91) and (14. lip . Using the estimate (14. 9 p for a, and the Gagliardo- 
Nirenberg inequality ( 13.91) . we have: 

||a _1 ^flV^a|| L 2( S ) < ||a _1 ||L-(5)||A a IUp 2i2] L 4 (P.)l|V^a|| L f_ 2i2] L4(p tl ) (A.34) 

< IIAa|II 2 (5)ll^ll!2( S) l|v>||l 2(5) ||yv>||i 2(5) 

< C(M)\\yV j N a\\i iS y 

where we used in the last inequality ( I4.47P for j and for 2. Using (I4.47P for j and for 2 
yields: 

HI„-lY77„ |2V7J „ll S II „-lTT7„ 112 

> (5) I 

where we have used Proposition 13. 101 to bound ||a _1 ya ||.L°a(S). Using ( I4.47P for j and for 
2 together with ()A.27jl yields: 

J=l / \m=l / \n=l 

f TA~26|) . (LA33|) . f 1A~34j) . (TA35]) and flA~36|) yield: 

lltV^a-^aH^s) < C(M)(1 + ||yV>||J 2(5) ) + e(\\f 2 V J N a\\ L 2 (s) + ||^V>|U 2(5) ). 

(A.37) 

Finally (tOOjl . f lA~3T]) . fLA32|) and (lA~37j) yield: 

WHms) < C(M)(l + C(M)\\fV j N a\\hs)) + c(\\f 2 V J N a\\ LHs) + \\fV j N a\\^(S)). (A.38) 
Proposition EUl flA~28|) and fTA~38|) yield: 

II^V>|U^ 2]L2(Pu) + ||y 2 V>|| L2(5) + ||V^ +1 a|| L2(5) < C(M). (A.39) 
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< C(M). (A.36) 



Now, (gUP for j, flX25|) and (lA~39j) yield: 

\\^ +1 a\\ LHs) < C(M). (A.40) 

Let us now estimate ||y J+1 0||L 2 (s)- We differentiate the first equation of (14.51) by y +1 , 
which yields together with (I4.46P and (I4.47P for j: 

\\y +1 tr6\\ LHs) < \\f J+1 4LHs) + \\? J+1 k N N\\ms) < C(M). (A.41) 

Differentiating flA. 191) by ^' 7_1 , we obtain: 

y ] - 1 0= 2f j ~ 1 {K6) - y-\*V 2 (fti6)) - 2f j -\*V 2 {R N .)). (A.42) 

(g3SD and (IAH| yield: 

||^'- 1 (*P 2 (ytr0))|U 2(s) + H^'- 1 ^^.))!!^^ < C7(M). (A.43) 

Using Leibnitz formula together with (14.61) . (I4.46P and (14.471) for j, we obtain: 

\\y~\K9)\\ L . {s) <C(M). (A.44) 

f0O2|) . (0O3D and flA~44l) yield: 

H^'-^lia^ < C(M). (A.45) 

Now, (12T24D yields: 

3-1 

ffl j - x 9 = y j - l 0+ f j ^ P Kf p 9, (A.46) 

which together with (J476J), (fOBjl . (Q7II and (IA.45D implies: 

I W^IU^) < C(M). (A.47) 
The analog of (13T2TD for 2-tensors, flATBl and (0071 yield: 

\\t +1 0\\LHS) 

< \\ffli- l e\\„ (S) + ]i2( p u) ||^?IU f _ 22] L4(P u ) + ||^IU3(5)||^^||L6(5) (A.48) 



< (M + e 2 )(||^|| Lf _ 22iL4(Pti) + \\y- r 6\\ ms) ) + C{M). 



1~2,2] L ™" ' _ MiJ [-2,2] J 

1-2,2]- 

Together with (13. 9p and (I4.47P for j, this implies: 

\\y +l 0\\ms) < C(M). (A.49) 

Finally, (tOlll and f[A49l yield: 

||y J+1 ^||L 2(5 ) < C(M). (A.50) 
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K +1 0|U 5) < C{M). (A.51) 



Let us now estimate || V^ 1 9\\l 2 {s)- Differentiating the last equation of (14. 5 p by V^, 
taking the norm in L 2 (S), using the computation (1A.64|) of [V^y 2 ] proved in the Ap- 
pendix, (I4.47P for j, flA.391) . and estimating the various quantity in the same fashion as 
previously, we obtain: 

IIT7J+1/1II 

2 (S) 

Now, (071) for j, flAT25|) . flA~50l) and ([OB yield: 

||V +1 0|| La(fl) < C(M). (A.52) 

Also, differentiating the last equation of (14. 5 p by V- 7 , taking the norm in L 2 (S), (I4.47P 
for j, (IA.52I) . and estimating the various quantity in the same fashion as previously, we 
obtain: 

liyV-^IU^) < C(M). (A.53) 
Finally, flATiOj) . CA521) and CA531) yield g3ZD for j + 1 so that fl447D is true for all j. 



This concludes the proof of Proposition 14.21 



A. 3 Proof of Lemma A.l 



Let us first recall the following result (see for instance If the symbol a(x, £) satisfies: 

sup||a(.,£) 11^3/2+^3) < +oo (A.54) 

for some 5 > 0, then the pseudo differential operator a(x, D) acting on IR 3 is bounded on 
L 2 (M. 3 ). Now, assume that the symbol a(x, £) satisfies: 

sup||a(.,£)||tf 5 / 2 + 5(R 3) < +oo (A.55) 

for some 5 > and: 

a(x,0 > 1 for all (x,£). (A.56) 

Then, using the previous result and the symbolic calculus for the adjoint and the compo- 
sition of pseudodifferential operators, one can show that: 

a(x, D) - yfa(x, D)*y/a(x, D) is bounded from H-\R 3 ) to L 2 (R 3 ). (A.57) 

Thus, under the assumptions (IA.55I) flA.561) . the Garding inequality holds: 

(a(x,D)v,v) > -C||u|| H -i(K3), (A. 58) 

where v is in L 2 (M 3 ) and C > is a constant depending in the quantity in (1A.55I) . 
Now, consider 

a(.r.i) = 2 m ( iN.^) + (e.^) 1-1. (A.o9) 



Then, we clearly have HA.56|) . We also have f ]A.55|) : 



sup||a(.,£)||flW < C(\\N\\ hW ) < C(||V 3 A|| L2(5) ) < C(M), (A.60) 

where we have used (g3D, ffl~4"?D with j = 2 and \\fV 2 N a\\ L 2 {s) < C(M). Thus, a defined 
by (IA.59P satisfies (IA.58I) . which together with the choice v = \D\ l F concludes the proof 
of Lemma IA.ll 
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A. 4 Proof of Lemma IA.2 



We start by deriving a formula for the commutator [V^, f}. Let F a tensor on S. 
(I2.17p . one proves the following commutator formula by iteration: 

[V j N ,f]F= jfaV j N F 



Using 



\Z=2 / \m=l / \n=l / 

+ f n v > ) f n v ^ ) f n v ^ i? ) 



j=i 



vn=l 



where tj, t> m and w n satisfy: 

ti H h t p + f i H l-Vg + Wx-l h w r + s = j - q - r, 

ti<j-l,l<l<P,s<j-l. 

Then, using the fact that: 

we deduce from (1A.61j) and (1A.62I) the following commutator formula: 



d=i 



\m=l 



K n=l 



where t}, tfjV^v^, u>* and satisfy: 



+ vl + w\ + 



t\ + --- + t 1 p + v\ + 

*1 + ■ ■ ■ + % + v\ + • ■ ■ + v\ + w\ + • ■ ■ + w z r + s 2 = J - q - r, 
tf <j -1,0 < I <p,s 1 + s 2 <j + l. 



+ sx = 2, 

,2 



Now, using (I2.20p . we have for any scalar / on S: 

3 

= V ^ X (-( tr ^ + a _1 Vjva)A - 26- f 2 + 2ar l fa ■ fV N 
i=i 

+a~ 1 fiV N - 2R N . ■ f - ftr9 -f + 26- a^fa ■ f)V 3 N l f 
= 2 V N \a- l fayV^- 1 f + a-^aV^ 1 -'/) 



i=i 

j 



+ V ^ X (-( tr ^ + a^VNa)^ - 29- f 2 - 2R N . ■ f 



i=i 



-ftv9 -f+26- a- 1 fa ■ f)V j „ l f 



(A.61) 



(A.62) 



(A.63) 



[Vjv, f}F = f[ f ] V%a T^fe n T l ^fR fV^, (A.64) 



(A.65) 



(A.66) 
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We rewrite the first term in the right-hand side of (1A.66j) : 



1=1 



1=1 m=l 



+ e a-'wft 1 , wy- l f + e E ^N(a- 1 fa)v i N i - m fvy- i f 

1=1 



i=l m=l 



(A.67) 



ja-'fafVy + ja-^aVy + 3 Sl_A\y a \^ N f 



i=i 

j i-i 



j i-i 



+ E E V^(a->)V^"Tn +1 -7 + E E V^(a-^a)V^ m /. 

;=1 m=l i=l m=l 

Finally, (OI) . (jXj>2]) , flA~64j) . (lOHjl . (IA~Mj) and (IA~67j) yield flA~26j) and flA~27j) . 



B Proof of the estimates for the commutator [V a j\r, Pj 



In this section, we prove the commutator estimates stated in section 15.31 



B.l Proof of Proposition 15.141 

Proceeding as in (I5.50p (I5.5ip (I5.52p . we have: 



[V aN ,P J ]f= / m 3 {r)V{r)dT. 
Jo 

where V is given by: 

(d T - A Mr) = [V^, W(r)f, V(0) = 0. 
In view of (IB. II) . we have: 



(B.l) 



(B.2) 



||[V tt iV,Pi]/||L 2 (5)< / mj{T)\\V(T)\\vwdT. 
Jo 

Thus, to obtain (15.721) . it suffices to show: 

sup||F(r)|| L2(s) <e\\A^f\\^ iS) +e\\A'f\\ L ^^y 
From now on, we focus on proving ( lB.3p . 



(B.3) 
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In view of (IB. 2ft and the heat flow estimate (15. 5p . we have: 



\\V(T)\\ 2 L2{Pu) + [ T \\?V(T')\\l 2{Pu) dT>< ^ f V{T')[V aN ,WJ{T'WudT>. 

Jo Jo Jp u 

Using the commutator formula ( I2.23p . and integrating the second order derivative by 
parts, we obtain the following estimate: 



l|V(r)||i a(Pu) + / WfV (r')\\i 2{Pu) dr' 
Jo 

< (hW)\\L*(Pu) + \\f(a)e\\L>( Pu ) + HaflH^p.)) rilW^lUwllvcoiu^d^ 

Jo 



Together with the Gagliardo-Nirenberg inequality (13.91) . Proposition 13. 71 and the estimate 
(I2.30P for a and 9, we obtain: 

< (hf(9)\\h( Pu ) + WTWWhfr) + IMI W 

x rT'^ 5 ||y 2 ^(T')|U 2( P„)||Wr')|U 2 (P u )dT 

JO 

+e 2 jT \\f 2 U(r') \\ LHPu) || fU(r') \\ L , {Pu) dr + ± jf * WV{/) ||| 2(Pu) dr' 
+^ r r'- 1+5 ||U(r')||i 2(Pu) rfr, 
for any 5 > 0. This yields: 

ll^(-r)||| 2 (P„)+ /VWIIW' 7 ' < (HoTOH^p.) + 11^(0)511^^) + 110^^) 
Jo 

Jo 



+e 2 / ||^C/(xO|U 2( ^)||yC/(-r , )IU 2 ( J P«)rfr 
Jo 

and integrating in u, we obtain: 

\\V(r)\\l Hs) + [ T \\fV(r')\\l Hs) dr' (B.4) 

e 2 sup ( rr'^lyVCrOIU.^HWrOlU,^)^ 
« VJo / 

ril^MII^IIWOII^dr, 
Jo 



< F 2 : 



+e 2 
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where we used the estimate (I2.30p for a and 9, and the smallness assumption (12.1 p for R. 
Now, we have: 

^r^- 5 ||^ 2 C/(r')!U 2 (P u )||?C/(r')|U 2 (P u) dr' 



o 



< 



[ T r'^limr'nh^dr' + f\\fU{r')\\l 2{Pu) dr', 
Jo Jo 



where we used the Bochner inequality for scalars (I5.63p . Together with the heat flow 
estimate (15.241) . we obtain: 

sup ^V^II^^^II^jII^CtOIIl-^)^ < ||A 35 /||i^ 2]L2(Pti) . (B.5) 



Also, we have: 



o 



\f 2 U(r')\\ LHs) \\fU(r')\\ LHs) dr' (B.6) 

->k- S ll \TT(-I\\\2 , /„ l\\\rt7TTf-\\\2 \ ( /' T /-l+<5 



< £r'^ 5 ||^(rO||! 2(s) rfr'+(supr^||^(r)||i 2(5) ) QT 



< \\^ +25 f\\h {S) i 



where we used in the last inequality the Bochner inequality for scalars (15.631) and a heat 
flow estimate. Finally, (El), flR5j) and f lB~6|) imply: 

sup||F(r)|| L2(5 ) < ^||A 35 /I|l P2i2] l 2 (p u ) + <r||A* + 2*/|| La(s) . 
Since 5 > is arbitrary, this yields (IB.3|) . which concludes the proof of the proposition. 

B.2 Proof of Proposition 15.151 

Proceeding as in fIB.ip (IB .2|) . we have: 

POO 

[V aN ,Pj}F= / m 3 {r)V{r)dr. (B.7) 
Jo 

where V is given by: 

(d T - f)V{r) = [V aN , AMr)F, V(0) = 0. (B.8) 
In view of (1B.7I) . we have: 

m j( T W(T)\\ L i_ 22]L 2 {Pu) dT. 

Thus, to obtain (15.731) . it suffices to show: 

\\V{r)\\ LU2]LHPu) < T $-U (\\fF\\ L 2 {s) + \\F\\ Lr _ 22]L 2 {Pu ^ . (B.9) 
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From now on, we focus on proving (IB.9[) . 

In view of flB.8j) and the heat flow estimate (15. 5p . we have: 

11^)11^(^)4- f\\fV{r')\\h { P u) dr'< f [ V{r')[V aN ^]U{r')d^ u dr' . (B.10) 

Jo Jo JPu 

Injecting the commutator formula (12.221) in (IB.lOj) . integrating by parts, and using the 
L°°(P U ) estimate ( I3.10p . we obtain the following estimate: 



\\V{r)\\l HPu) 



?V(T')\\ 2 L2(Pu) dT> 



< 



\af(e)\\L*(P v ) 4 \\f(a)e\\ L2{Pu) + \\aR\\ L * {Pu) ) / || fU(r') \\ LP{Pu) \\fV(r') \\ LHPu) dr' 



where 2 < p < 4 will be chosen later. Together with the Gagliardo-Nirenberg inequality 
(13.91) . we obtain: 



11^)11^)+ / HW^U^A' 

Jo 

< (\\af(e)\\h {Pu ) 4 \\f(a)9\\l HPu) + \\aR\\l 2{Pu) 
Taking the square root, and integrating in u, this yields: 



\\V(r)\\ LU2]L2{Pu) < (\\af(e)\\ L2{s) + \\f(a)9\\ L2(s) + \\aR\\ L 2 (s) ) 



(B.ll) 



\tW)C^l\\fU{r'^ 



L 2 (P U ) 



dr' 



< 



\y 2 u{ 



)\\L2(P U ) I 



T 



>\ II P 



li 2 (P u ) 



dr' 



LI 



LI 



where we used in the last inequality the estimate (I2.30P for a and 9, and the smallness 
assumption (12.11) for R. Now, in view of the Bochner identity for tensors (13.281) . we have: 



\L 2 (P U ) 



dr' 



< 



£U(t')\\ lHPu) + \\K\\ L2{Pu) \\fU(r')\\ L . {Pu) + \\K\\l HP jU(r')\\ LHPu) 
x\\fU{r')\\i { P u) dr' 



2(i-|) 



< 







4ii^n 4 ^;!) ) 



\fU(r')\\ 2 LHP 



\fU(r')\\l HPu) dr' 
> u) +\MT')\\l HPu) )dT>. 
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Integrating in u, and using the fact that 2 < p < 4, this yields: 



2 PT ... , 2 




2 JO 



< r§ ^up\\fU(r')\\ 2 L2is) + ^11^(^)11^(5)^') 

+ll^ll? 2 1 ( s?^"" 1 (sup(||Wr / )||l 2( 5) + 11^)11^(5)) 

+ snp ( [ T (\\fU(r')\\l 2{Pu) + \\U(r')\\l 2{Pu) )dr' 
« wo 

Together with the estimate (I2.30p for and the heat flow estimates (15.11) and (15.21) . we 
obtain: 



f l\\tU{r')C; p ^\\yU{r'){ 

J -2 JO 

Together with (IB. lip , we finally obtain: 



y 2 ^0l| 2 L ( ^!)V^0llf 2 (P u )^< (ri+rl- 1 ) (||yF||| 2(S) + ||F||^ 22]X2(Pu) ). 



ll^(r)||LX_ 22]i2( P u ) < ^ (rF + rW) (||yF|| L2(s) + ||F||^ 2 ^ 2(Pii) ). 
Since 5 > 0, we may choose p such that: 

4 



2 < p < min 4 



which yields (IB.9I) . This concludes the proof of the proposition. 
B.3 Proof of Corollary 15361 

Using the inequality (j5.48p . the fact that PjF = on u = —2, and properties (ii) and (iii) 
of Theorem I5.5[ we have: 



j>0 



j>0 

< 



< J2 2j ( f \\ P i F \\LHP u )\\VNP j F\\ LHPu) du+ 11^11^(5)11^11^(5) 

/ p-2 x (B.12) 

o~>n W— 2 / 



i>o y j>o 

< f / llPjF^pjVaNPjFll^du) + ||yF||| 2( 5), 

i>o V>/ - 2 ' 

where we used the estimate ( I2.30p for a in the last inequality. Now, we have: 
\\V*sPiF\\&M < IIP^V^F)!!^^) + \\[V aN ,P 3 ]F\\ LHPu) 
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which together with (IB. 12j) . and the properties (ii) and (iii) of Theorem 15.51 implies: 



E 2i H P i F HWw (B.13) 

i>o 

i>o j>o 

+\\fnh ( s) 

+ (E 2 i p , p ii W 2 ^) (E 2i ii[ p ;> v^fwi 2(p ] + \\m\i HS) 

\j>0 J \j>0 / 

< (E 2i ii p i p ii W s ^)) 2 (E 2 it p i' v^fii^^ 2 + nvF|ii 2(s) . 

\j>0 J \j>0 J 

This yields: 

^2^11^11^^^^ < ^2^||[P i , V^.PII^ ^^,^ + HV.PIII.^. (B.14) 

j>0 j>0 

Now, we have in view of the commutator estimate ( 15. 73 ft : 

\\[Pi, V aN ]F\\l u ^ {Pu) < 2-^e(\\fF\\ LHs) + \\F\\ L ~ 22]LHPu) ), 
for any 5 > 0. In view of Corollary 13.81 and the fact that F = on u = —2, we obtain: 

ll^ ) V aiV ]F||i U2]i2{Pu) <2-^ 1 -^||Fb 1(s) . 

Together with (lB.14j) . this yields: 



E 2J 'ii p ^iiV- 22] ^)~( 1+ E 2 " 

i>o V j>o 



•" | - L>,M 1 ||F|| 2 



H^sy 



j>0 \ j>0 

Choosing < 5 < 1/2, we obtain: 



< \\F\\ 2 mis) , (B.15) 

i>o 

which is the wanted estimate. This concludes the proof of the corollary. 



B.4 Proof of Proposition 15.171 

In view of ( IB.ip . we have: 
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where V is given by: 

(d T - f )V(t) = [V aN , ftU(r)f, V(0) = 0. (B.16) 
Thus, to obtain (15.751) . it suffices to show: 

\\^ a V(r)\\ Ll _ 22]LHPu) + £ (^J o T \\n- a V(r f )\\l 2(Pu) dT^ 2 du < e\\A- s F\\ LHs) . (B.17) 

Indeed, once (IB . 1 Tj) is obtained, one proceeds as in ( I5.55P (I5.56P to deduce (I5.75p . From 
now on, we focus on proving ( 1B.17j) . 

In view of (IB. 161) and the heat flow estimate (I5.2ip . we have: 

\\^ a V(r)\\l w + [ T \\fA- a V(r')\\l 2{Pu) dr'< f j A~ 2a V (r')[V aN , f]U(r')d^dr'. 
Jo Jo Jp u 

Injecting the commutator formula (I2.23p . integrating by parts, we obtain the following 
estimate: 

\\^ a V(r)\\l HPu) + J o T \\fA- a V(r')\\l 2{Pu) dr' (B.18) 
< (hW)\\LHP u) + \\f(a)e\\ LHPu) + \\aR\\ LHPu) ) 

Jo 

where 

2 

2 <P< z 

I — a 

will be chosen later. Now, we have in view of (I5.26P and (15. 18ft : 

\\fA- 2a V(r')\\ L , {Pu) < IIA-^^OH^cp^liyA- 2 ^^')!!^) 
which together with (1B.18j) implies: 

\\^ a V(r)\\h {Pu) + [ T \\n- a V(r')\\l HPu) dr' (B.19) 
Jo 

< (IWfmlw + \ma)6\\hm + \\aR\\l HPu) ) f r' a -\\fU{T')f mPu) dr'. 

Jo 

The Gagliardo-Nirenberg inequality (13. 9p and the Bochner inequality (15.631) imply: 

[ T T fa -\\fU(r')\\l P{Pu) dT' 
Jo 

< rr' a -||^(r')||! 2(Ptt) ||^(r')||^ ( ;!j^ 

J 

< [ T r' b \\fU(r')\\l HPu) dr'+ f r' l+b \\ \^ {Pu) dr> 
Jo Jo 
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where b is given by: 

2 

b = a _-l + -. (B.20) 
V 

We have < b < 1 from the choice of a and p. Thus, we obtain in view of the heat flow 
estimates (l5T22j) and 

rr' Q -||Wr')||i P(Pu) rfr'<||A- 6 -/||i 2(Pti) . 

Together with (IB . 19[) . this yields: 

\\^ a V(r)\\h {Pu) + J Q T \\n- a V(r')\\l 2{Pu) dr' 
< (hf(e)\\h {Pu) + \\f(a)e\\ 2 L2{Pu) + Ha.Rlli.^^llA- 6 -/!!^^). 
Integrating in u, this yields: 



-2,21 . . . 

' -2 \J0 



^ a V(T)\\Ll 22]LH P u) + / \\fA- a V(r')\\ 2 L2{Pu) dr'\ du (B.21 



< (\\af(6)\\ LHs) + \\f(a)9\\ LHS) + \\aR\\ LHs) )\\A~ b -f\\ L . {s) 

L 2 (S), 



< e\\A~ b -F 



where we used in the last inequality the estimate (I2.30P for a and 9, and the smallness 
assumption (12.11) for R. Now, in view of the definition (IB.20[) of b, and since 8 < a, we 
may choose p > 2 close enough to 2 such that 6_ > 5, which together with (IB.21[) implies 



flB.17j) . This concludes the proof of the proposition. 



B.5 Proof of Proposition 15.181 

Proceeding as in flB.ip (IB. 21) . we have: 

POO 

\VaN,Pj]f= / m,{r)V{r)dr. (B.22) 
J o 

where V is given by: 

(d T - A)V(r) = [V aN , ftU(r)f, V(0) = 0. (B.23) 
In view of (1B.22[) . we have: 

POO 

11^,^1/11^(5) < / m 3 {r)\\V{T)\\ L . {s) dr. 
Jo 

Thus, to obtain (15.751) . it suffices to show: 

11^)11^(5) < ri-h (Wh^s) + Wffh^L^)) ■ (B.24) 
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From now on, we focus on proving (IB.24I) . 

In view of (IB. 23}) and the heat flow estimate (15.51) . we have: 

11^)111^)+ f\WV{r')\\h {Pu) dr'< r f V(r')[V aN ,f]U(r')d^dr'. 
Jo Jo Jp u 

Using the commutator formula (I2.23p . we obtain the following estimate: 

11^)11!^)+ [ T \\fV(T')\\l 2{Pu) dr' 
Jo 

< \\ae\\ Lr _ 22]LHPu) ^liy^^OIU^P^II^^OH^^^r' 

HhfO\\LHP u) + \\f(a)e\\ L2(Pu) + \\aR\\ L , {Pu) ) [ T \\rU(T>)\\ LHP jV(r>)\\ LHPu) dT'. 



Together with the Gagliardo-Nirenberg inequality (13.91) . Proposition ^. 71 and the estimate 
(I2.30p for a and 9, we obtain: 



11^)11^) + J \\?V(T')\\l HPu) dT> 

< (hf(0)\\h {Pu) + \\f(a)e\\h {Pu) + 

Jo Jo 

+^£ll^(rO||i 2( p u) rfr' + ^ T r'- 1+5 ||y(r')||i 2(Pii) cir, 

for any 5 > 0. This yields: 

< (h?(0)\\h(P u ) + \\f(a)e\\h {Pu) + \\aR\\l HPu) ) 

x rr'^l^rOIU.^HWrOIU.^rfr + e 2 f T'^ S \\f 2 U(r') f^dr 
Jo Jo 

and integrating in u, we obtain: 
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ll^(r)||i 2(5) + / \\fV{r')\\h {s) dr' (B.25) 
Jo 

< e 2 sup ( rr / ^ 5 ||y 2 C/(r')|U 2 (P u )||?C/(r')|U 2 (P u) cZr N ) + e 2 f r^- S \\f 2 U(r')\\ 2 L2{s) dr, 

u \Jo J Jo 

where we used the estimate f !2.30|) for a and 6, and the smallness assumption (12. ip for R. 
Now, we have: 

rr'^ 5 ||y 2 f/(rO|| L2( p u) ||yf/(rO|U 2( p u) rfr' (B.26) 
Jo 

< r^snpWfUir)^^ QT ||£C/(t') \\h {Pu) dr^ ' 

< r^\\ff\\ 2 L2(Pu) , 
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where we used the Bochner inequality for scalars ( I5.63P and the heat flow estimate (15. 2p . 
Also, we have: 

f\'^ 5 \\f 2 U(r')\\l 2(s) dr' < rl- s snp\\mr)\\l Hs) (B.27) 

JO T 

where we used the Bochner inequality for scalars (15.63P and a heat flow estimate. Finally, 
flR25j) . flB~26j) and flR27j) yield f lB724j) . This concludes the proof of the proposition. 

B.6 Proof of Proposition 15.191 

Let us start by proving the corollary in the case where / is a scalar function on S satisfying 
the same assumptions that F. We estimate H-Fj/H^oo l 2 ip u )- Using the inequality ( I5.48P 

[—2,2] 

and the fact that Pjf = on u = —2, we have: 

W P if\\l^ 2] LHP u ) 

< \\Pjf\\i*w\\VNPjf\\ifi(S) + WPjfh^WfPjfWms) (B-28) 

< WPjfWms^aNPjfhns) + #\\Pjf\\buo, 

where we used in the last inequality the estimate (I2.30p for a, and the finite band property 
for Pj. Now, we have: 

IIV^/IUto < \\Pj(VaNf)\\m + WlVaNiPM^) 

which together with f]B.28|) implies: 

\\Pjf\\ 2 L£ 22] L2(P u ) 

< \\Pjf\\wS)\\Pj&axf)\\*W + WPjfhsisMVa^PjUhHS) +2^11^/11^(5) 

< (2-( 2 +^||V aA r/|U^ &( ^ ) +2^||[V aA ,,^^/|U 2(s) + 2-^11^/11^^)11^/11^^), 

where we used in the last inequality the finite band property for Pj, and the definition of 
H b (P u ). Together with (I6.43P and the commutator estimate (15.761) . we obtain: 

\\Pjf\\l r _ 2 , 2] L>(P„) (B.29) 

< (2-( 2 +^'||V J v/|| L ^(p u) + 2- {3 - 5)j (\\ff\\L r _ 2>2l L>(P u ) + \\mvw))\\M»(S), 
for any 5 > 0. Now, in view of Proposition 13.151 we have: 

|iy/|U~ 2i2] L W < WMWQ + W^NfWmsy (B.30) 
Since b > 0, flB~29|) and flB~30D imply: 

\\Pjf\\L r _ 22] mP u) < 2-^(\\\7 N f\\ LlHb{Pu) + Wtfhns))- (B.31) 
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Now, we have: 

where we used in the last inequality the strong Bernstein inequality for scalars (I5.6ip . 
Together with (IB.32[) and the fact that b > 0, we obtain: 

\\f\\L~( S) < \\V N f\\ LlHb{Pu) + \\f 2 f\\ LHs) . (B.32) 

Next, we turn to the case where F is a tensor. Using (1B.32j) with | instead for b, and 
with / = |F| 2 , we obtain: 



\\F\\U( S) < \\F.V N F\\ LiHkpu) + \\FrF\\ LHs) + \\fF\\i Hs) 

< \\F ■ W N F\\ LlHhpu) + ||F|| L ^ (5) ||y 2 F|| i2(5) + \\tnhis) + HV^F||| 2(S) , 

where we used in the last inequality Proposition 13. 1 1 1 to estimate H^FH^^). This yields: 

\\F\\l°°{S) V N F\\ LlH , {p ^ + \\tF\\ 2 L , {s) + IIVatFH^^. (B.33) 

Next, we estimate the first term in the right-hand side of flB.33p . We have: 

\\Pj(F- V N F)\\ L2(S) <Y^\\Pj(F-m N F)\\ L2iS ). (B.34) 

In the case I > j, the boundedness of Pj on L 2 (P U ) yields: 

2T||P i (F- W N F)\\ L 2 (S) < 2%\\F-P l V N F\\ LHs) (B.35) 

< 2^1^11^(5)11^^11^(5) 

< 2^- bl \\F\\ L ^ s) \\V N F\\ LlHb{Pu) . 

In the case I < j, we use the finite band property for Pj. We have: 

P^F-P^nF) = 2-Vp j (fi(F.P l V N F)) 

= 2~ 2 iP 3 (dft(fF ■ W N F)) + 2- 2j P j (dft(F ■ fPiV N F)). 

Together with (I5.64p -note that ^JF ■ P{W nF is a 1-form - and the finite band property 
for Pj, we obtain: 

2%\\P 3 (F-P l V N F)\\ LHs) 

< 2%-i\\fF ■ PiV N F\\ Lf 2 + 2^\\F ■ fPNNFW^s) 

< 2^-*||y^|U^ 2]i2( ^ ) ||^V iVJ P|U f _ 22]i4( ^ ) + 2^^||^|U^ (s) ||y^V i v^|U 2{ c ?) . 
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Using Bernstein and the finite band property for Pi, this yields for I < j: 

2%\\P 3 (F-PiV N F)\\ L 2 {s) (B.36) 

< 2^(2-i^||yF|Up 22]L2( p„ ) + 2-^||F|U 00(s) )||P,V J vF|U 2(s) 

< 2-^ + (|-^(||yF|| L ^ 2]L2(Ptj) + \\F\\ L ^ s) )\\V N F\\ LlHHPu) . 



We may assume b < \. Then, using ( 1B.34|) . f ]B.35[) for I > j, and (IB.36[) for I < j, we 
obtain: 

2*1^ ■ V N F)\\ LHS ) < 2-^(\\fF\\ L ~ 22]L2(Pu) + \\F\\ L ^ s) )\\V N F\\ LlHb{Pu) , 
which yields: 

Together with (1B.33[) . we obtain: 

\\F\\l°°(S) < (WfF\\ Lr _ 22]L 2 iPu) + \\F\\ L - is) )\\V N F\\ LlHb{Pu) + \\tF\\l H s) + \\V N F\\l HS) , 



and thus: 



\\F\\l°°{S) < \\?F\\ Lr _ 22]L 2 {Pu) + \\V N F\\ LlHb{Pu) + \\f 2 F\\ L 2 {s) . 



2,2] 

Now, using Proposition 13.111 to estimate ||y.F||z,°° l 2 (p u ), we finally get: 

[ — 2,2] 

\\F\\l-{S) < \\V N F\\ L 2 uHb(Pu) + \\f 2 F\\ms). 
This concludes the proof of the corollary. 

B.7 Proof of Proposition 15.201 

In view of ( IB.lj) . we have: 



\\\y*N,Pj)f\\»(S) $ / m 3 {r)\\V{r)\\ L 2 {s) dr, 
Jo 

where V is given by: 

(d r - f)V(r) = [V aN , flU(r)f, V(0) = 0. (B.37) 
Thus, to obtain ( 15. 75 p . it suffices to show: 

\\V(r')\\l2 {s) dr' < e\\A-^f\\l r _ 22]L 2 {Pu) . (B.38) 
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Indeed, flB~38]) yields: 

II [VaNiWhHS) < I m 3 {r)\\V{r)\\ L , {s) dr 



o 



< 



m^rfdr) / || V(r)||i a(s) dr 



o / \Jo 

2,2]-* 



< 2%||A-( 1 ^/|| Lr _ 22]L 2 (Pti) , 



which is f)5.77p . From now on, we focus on proving (IB.38[) 



In view of (IB.3T[) and the heat flow estimate (I5.2ip . we have: 



U- 1 V{r)\\i HPu) + \\f^ l V{r')\\l 2(Pu) dr' < / A' 2 V (r')[V aN , ^U^d^dr*. 
Jo Jo Jp u 

Injecting the commutator formula (12. 23p . integrating by parts, we obtain the following 
estimate: 

\\^ l V(r)\\ 2 L , {Pn) + ^\\y^ l V{r')\\l HPu) dr' (B.39) 
< (\\af(6)\\ L i [Pu) + \\f(a)e\\ LHPu) + \\aR\\ L , {Pu) ) 

x rilMOII^IiyA-VCOII^jd/, 
Jo 

where 

2 < p < 4 

will be chosen later. Now, we have in view of (15.261) : 

liyA-V^OIU.^^IIA-^rOIU^P^ 
which together with (1B.39|) implies: 

l|A"V(r)||i 2(Pu) + f T \\n- l V(T')\\l 2{Pu) dT' (B.40) 
Jo 

< (\\ay{0)\\h(P.) + \m*)0\\bm + hR\\U Pu) ) [ T r ,1 -\\fU(r')\\l P{Pu) dr'. 

Jo 

The Gagliardo-Nirenberg inequality (13. 9ft and the Bochner inequality (15.631) imply: 

[ T T fl -\\fU(r')\\l P(Pu) dr' 
Jo 



< 



< 



r' b \\fU(T')\\l HPu) dr'+ / r' 1+b \\mr')\\h iPu) dr' 
o Jo 



where b is given by: 

2 

6 = 1_ — 1 + -. (B.41) 
P 
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We have < b < 1 from the choice of p. Thus, we obtain in view of the heat flow estimates 
fl£Z2) and (J521: 

rr' Q -||Wr')||! P(Pu) rfr'<||A- 6 -/||i 2(Pti) . 
Jo 

Together with (IB. 19j) . this yields: 

HA-V(r)||i 2(Pu) + ^ T ||yA-V(r')||i 2(Pu) rfr' 

< (\\af(9)\\U Pu) + mWWbm + hR\\Up^- b -f\\h {Pu y 
Integrating in u, this yields: 

l|A-V(r)||i 2(5) + f\W^ l V{r')\\l 2{s) dr' (B.42) 
J o 

< (\\af(9)\\L^s) + \\f(a)9\\ L2is) + ||ofl||L»(5))||A- L /|Up ML . (fll) 

^ e l|A"^/||Lp 2>2] L2 (Pti) , 

where we used in the last inequality the estimate (I2.30p for a and 9, and the smallness 
assumption (12.11) for R. Now, in view of the definition (IB. 411) of b, and since 5 > 0, we 
may choose p > 2 close enough to 2 such that 6_ > 1 — 5, which together with (1B.42j) 
implies (IB. 381) . This concludes the proof of the proposition. 

C Product estimates 

In this section, we prove the commutator estimates stated in section 15.41 

C.l Proof of Proposition 15.211 

We have: 

\\PjiF ■ G ■ H)\\ L2[Pu) < J2\\ P i( F ■ G ■ p i H )\\L HPll) . (C.l) 

l>0 

We first consider the case where I < j. Since < b < |, there exists a real number p such 
that: 

*<p<2. (C.2) 

2 

We have: 

\\Pi{F-G-Piff)\\^) = 2-^\\P J (HF-G-P l H))\\ LHPu) = 2- 2 >\\P J (dWf(F-G-P l H)))h H P u) - 
Since F ■ G ■ H is a scalar, we may use (I5.64p . and we obtain: 
y b \\P 3 {F.G-PH)\\ L . {Pu) 

< V^-^mF-G-PH)^) 

< 2^ 6 - 2+ |)(||yF|| L2(Pu) ||G|| L . (Pi) ||P z i/|| L , ( p u) + ||F|| Lr(Pi) ||yG|| L2(Pii) ||P^|| Lr(Pii) 
+ \\ F \W{p u )\\G\\L-{p u )\\f PiH\\ L 2 {Pu) ) , 
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where 4 < r < +00 is given by: 

2 _ 1 1 
r p 2 

Together with the finite band property and Bernstein for P/, and using the Gagliardo- 
Nirenberg inequality (I3.9p . we obtain in the case I < j: 



• G - PlH)\\v W < 2^ fe - 2+ |)||F|| H1( p ii) ||G||^(P 1I )2'||P^|| L2( P 11 ) (C.3) 

< 2- max ^(f- 6 -|)||F|| H1{ p u) ||G|| ffl( p u) ||iJ||^ (Pii) , 

where we used in the last inequality the fact that I < j and the choice of p flC.21) . 

Next, we consider the case I > j. Since < b < |, there exists a real number q such 
that: 

2< "<ih 2 (a4) 

Then, let 4 < r < +00 such that: 

2 1 _ 1 
r q 2 

Using the boundedness of Pj on L 2 (P U ), Bernstein for Pi, and the Gagliardo-Nirenberg 
inequality (13.91) . we have: 

y b \\P 3 {F.G-PiH)\\ L . {Pu) < V b \\F ■ G ■ PiH\\ L2{Pu) (C.5) 

< 2^||F|U, ( p u) ||G|| L ,(P It) ||P^|U 9 (P.) 

< 2^|| J P|| J/1(Pu) ||G|| ffl(Ptt) 2'( 1 -i||P i i/|U 2( p u) 

where we used in the last inequality the fact that / > j and the choice of q (1C.4I) . 
Let 5 given by: 

A • f 3 h 2 2 1 / 1 

= mm , . 

\2 pq 2 



Then, we have 5 > in view of (Q and fjClIjh Now, in view of f[CTT]l . f lCl3|) and f lC3|) . 
we have: 



2 

-5 max(l j) 



^ b \\PAG ■ G ■ H)\\\ HPu) < 11^11^(^11^11^^)11^11^ V E 2 

j>0 j>0 \l>0 

since 5 > 0. This concludes the proof of the Proposition. 

C.2 Proof of Proposition F57221 

We have: 

llP^G-iTjIU^) < WPAPiG ■ P m H)\\ LHPu) . (C.6) 

«,m>0 
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By symmetry, we may assume: 

I < m. 

We first consider the case where I < m < j . Then, we have: 

\\P 3 {PiG ■ P m H)\\ L , {Pu) = 2-^\\P J {mG-P m H))\\ L ^ ) 

= 2-V\\P j (dft(f(P l G ■ P m H)))\\ L , (Pu) . 

Since G ■ H is a scalar, we may use (15.641) . and we obtain: 



\\P 3 {PIG -P m H) \\ L , {Pu) (C.7) 

< 2- 2 ^\\f(P l G.P m H)\\ L s (Pu) 

< 2-¥(2«+* +2 m+ f)||P i G|| L2(Pu) ||P m if|U 2( p ti) 

< 2-^-V 2 5||P i G|| L2( p u) 2f||P m i7|| i2{Pti) , 

where we used the finite band property and Bernstein for Pi and P m , and the fact that 
/ < m < j . 

Next, we consider the case where I < j < m. Then, we use the boundedness of Pj on 
L 2 (P U ) which yields: 

\\PjiPtG ■ P m H)\\ L2{Pu) < \\PtG ■ P m H\\ L2(Pu) (C.8) 

< \\PiG\\ L e iPu) \\P m H\\ L3{Pu) 

< 2 2 i\\P l G\\ L , iPu) 2f\\P m H\\ LHPu) 

< 2-^-^2* ||PG|| L2(Pu) 2f \\P m H\\ L 2 {Pu) 

where we used Bernstein for Pi and P m , and the fact that I < j < m. 

Finally, we consider the case where j < I < m. Then, we use Bernstein for Pj which 
yields: 

\\P 3 (PiG ■ P m H)\\ LHPu) < 2i\\PiG-P m H\\ Lhpu) (C.9) 



< 2i\\PiG\\ LHPu) \\P m H\\ LHPu 



< 2^\\P l G\\ LHPu) 2T\\P m H\\ LHPu) 

< 2-^-^2HP lG \\ LHPu) 2f\\P r 

where we used Bernstein for Pi and P m , and the fact that j < I < m. 
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Finally, we have in view of (ESJ), (lUTTj) . (10^]) and f lU^j) : 

j>0 j>0 V,m>0 / 

< E( E 2-^-^ E 2i||P,G|U 2( p u) 2f||P m F|U 2( p n) 

i>0 V,m>0 

\«>0 / \m>0 

This yields (I5.79p which concludes the proof of the proposition. 

C.3 Proof of Proposition [5T231 

We have: 

\mfh)\\» {Pu) < J2\\ p i(f p i h )hHP«y ( c - 10 ) 

l>0 

If / < j, we use the boundedness of Pj on L 2 (P U ) to obtain: 

2-i\\p j (fp l h)\\ L * iPu) < 2-iwfPM^ (en) 

< 2-i\\f\\ L ^ Pu) \\P l h\W { P u) 

< 2-^11/11^^)2^11^11^), 

where we used in the last inequality the fact that I < j. 
If I > j, we use the following identity: 

P s {fPih) = 2- 2l P 3 {fP^h) = 2- 2l P j {dUffPih)) + 2- 2l P 3 (ff ■ fPh). 

Together with the finite band property for Pj, the strong Bernstein inequality f)5.6ip for 
scalars, and the finite band property for Pi, we obtain: 

2^\\p j (fp l h)\\ L2(Pu) < 2-^ 2i (||p^(/yp^)|| L2(Pii) + ||p J (y/-yp^)|| L2(Pti) ) 

< 2i- 2l (\\ffP l h\\ LHPu) + \\ff- fPM^)) 

< 2^ 2 \\\f\\ L ~ [Pu) + \\ff\\ L * iPu) )\\ fPih\\ L , {Pu) 

< 2^(||/|| L ^ ) + ||y/|| L2(Pti) )||p^|| L2(Pti) 

< 2-^(11/11^^) + \\ff\\ LHPu) )2-^PM\ LH P^ (C.12) 
where we used in the last inequality the fact that I > j. 
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Finally, (jClDjl . flUTTj) and (1Ul2]l imply: 



J2 2 ' J W p Afh)\\l HPu) < (ll/ll^(P u ) + liy/lli 2 (P U ))E( 2 ^ 2_l ll p ^ll^ 

i>o i>o 

< (11/111-^) + 117/11 WE 2 ^^* 



2 





< (ii/iii-(P.) + ii?/ii^,)ii/*n^_ i(Pii) - 

This concludes the proof of the proposition. 
C.4 Proof of Proposition 15.241 

We estimate \\Pj(G-PiH)\\ L 2^ Pu ^ starting with the case where j > I. Using the boundedness 
of Pj on L 2 (P U ) of Pj, we have: 

\Pj(G ■ PiH)\\ L 2 {s) < \\G\\ L ~ L t( Pu )\\PtH\\tf L *( Pu ) 



< 2 L 2\\G\\ m( ^\\P,H 



2,2} K U> [-2,2]' 
W(S)\\PlH\\L2(S), 



where we used in the last inequality the Proposition 13.71 and the Bernstein inequality for 
Pi. This yields in the case j > I: 

2-i\\P j {G-P l H)\\ L 2 {S) < 2-^11^11^(5)11^11^(5). (C.13) 

Next, we consider the case where / > j, and we estimate \\Pj(P m G ■ PiH)\\l2(p u ) starting 
with the case where m > I. Using the sharp Bernstein inequality (I5.6ip . we have: 

\\Pj(P m G ■ <2^\P m G\\ Lr ^ 2]L 2 {Pu) \\P l H\\ L 2 {s) . (C.14) 

Finally, we consider the case where / > j and / > m. Using the finite band property 
for Pi, we have: 

WP^G ■ PiH)\\ L 2 (s) < 2- 2l \\P 3 (P m G ■ ^PiH)\\ L2{S) 

< 2- 2l \\P 3 (fP m G ■ fPiH)\\ L , {s) + 2- 2l \\P j (dft(fP m G ■ PiH))\\ L 2 (s) . 

Using the sharp Bernstein inequality f)5.6ip for the first term and the estimate (15.641) with 
p = 4/3 for the second term, we obtain: 

\\PjiPmG- PiH)\\ L 2 {s) (C.15) 
< (2^ +m + 2¥-f +m )||P m G|| L p 22]i2( p ii) ||P^|U 2(5) , 



where we used in the last inequality Bernstein for P; and P m . (jC.14p and (10. 15D yield in 

the case I > j: 

2-4||J^( J P m Gf - fl£T)ll^(/?) ^ 2-^-^(2*||i' m Gf|| £ -^ (J ,. ) )||PiJEr|| £aOT . (C.16) 
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Finally, (1013]) and (EH]) imply: 



PiH\\l 2 (s) 



• B)\\h {S) < fiiGii^ H 5)+fE 2m ii p - G iiT- 2 , 2] ^))) fe 1 

j>0 \ \m>0 // \l>0 

~ II^IIhh^II-^II^os)' 

where we used in the last inequality Corollary 15. 161 for G and the Bessel inequality for H. 
This concludes the proof of the proposition. 

C.5 Proof of Lemma 15.251 

We have: 

\\P 3 {F ■ G)\\ LHPu) < WPjiPiF ■ P m G)\\ L 2 iPu) . (C.17) 

l,m>0 

If j = max(j, I, m), we use the boundedness of Pj on L 2 (P U ) and the Bernstein inequality 
for Pi and P m to obtain: 

2^\\P j (P l F.P m G)\\ L 2 {Pu) < 2-^WPF ■ P m G\\ LHPu) (C.18) 

< 2~ 3 \\PiF\\ L 6 {Pu) \\P m G\\ L 3 {Pu ) 

< 2-''2T2f \\PF\\ T ?<pA\P m G 



|| L 2 (P„) || || L 2 (P U ) 

< 2-^2^ 11^11^^)2-^ ||P m G|| L 2 (Pu) , 



where we used in the last inequality the fact that j = max(j, /, m). 

If I = max(j, l,m), we use for Pj the strong Bernstein inequality for scalars f)5.6ip 
which yields: 

2-mP^PF ■ P m G)\\ L , (Pu) < WPF ■ P m G\\ LHPu) (C.19) 

< \\PlF\\ L 2 {Pu) \\P m G\\ L 2 {Pu) 

\l— ml I rn 

< 2 - — 2* P,F tmp.a2-t P m G 



z-niL^P,)^ 2 II V II L 2 (P U ), 



where we used in the last inequality the fact that I = max(j, I, m). 
If m = max(j, l,m), we use the following identity: 

P^PF-PrnG) = 2- 2m P,(P i F-^P m G') 

= 2" 2m (P J (f (PF ■ P m G)) + Pj(HPiF) • P m G) + P^ifiPF) ■ P m G))) 
= 2- 2m {2 2 ' P 3 (PF ■ P m G) + 2 2i P,(pP • P m G) + PjidftifiPF) ■ P m G))). 

Together with the boundedness of Pj on L 2 (P U ), the strong Bernstein inequality for scalars 
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f )5.6ip . and the estimate f)5.64p . we obtain: 

2^\\P J (P l F-P rn G)\\ L 2 {Pu) (C.20) 

< 2 ^- 2m (2 2 iP,F • P m G\\ L2{Pu) + 2 2l V\\P l F ■ P m G\\ LHPu) + 2f\\f(P lF ) . P m G\\ J{Pu) 

< 2-^- 2 ^(2^|| J P^|Ua ( ^ ) || J R fr ,G'|U3 ( ^ ) + 2 2 ^||^^|| z , 2( ^ ) ||i- rr ,G'|U 2( ^ ) 
+2^\\f(P l F)\\ LHP J\P m G\\ LHPu) ) 

< 2 -,- 2m(22j - +f+f + 2^ + 2^ + f)||P i F|| L2(Pti) ||P m G|U 2( p u) 

< 2-T2^||PF|| L2( p ii) 2-f||P m G|| L2(Pu) , 

where we used Bernstein for P m , the finite band property and Bernstein for p, and the 
fact that m = max(j, I, m). 

Finally, (ICTTD . fjCHSjl . f lCTT9|) and (ITl20|) imply for all j > 0: 



2'^^ ■ G)\\ L , (Pn) < ^ 2-^2i||P,P|U 2(Ptt) 2-T||P m G|| x2(Pu) 

l,m>0 



< ^2'||pP||i 2(Pti) ^2- m ||P m G||; 



2 



\h(p„) 

. l>0 / \m>0 



< iifi HV J G »»-w 



This concludes the proof of the lemma. 

C.6 Proof of Lemma 15.261 

We have: 

\\ Fj (d^(fG)\\ L2{Pu) < J2\\PAaWPi(f)G))\\Li { P u) . (c.21) 

l>0 

If I < j, we used the boundedness of Pj on L 2 (P U ), and the strong Bernstein inequality 
for scalars (I5.6ip and the finite band property for p. We obtain: 

2^ fe - 1 )||P J (d^v(P(/)G))|| L2( p ti) (C.22) 

< 2^\\&HPiU)G)\\ L . [Pu) 

< 2^- 1 )(||y(P/)G|| L2(Pu) + WPiffGW^) 

< 2^ b - 1 \\\f(PJ)\\ LHP J\G\\ L ^ + \\Pif\\L~( Pn) \\?G\\ LHPu) ) 

< 2^ 1 ¥(||G|U~ (Pll) + WfGWmmfWiUPu) 

< 2-l^^ 1 - b )(||G|| Loo( p ii) + ||yG|| L2(Pii) )2' b ||P/|| L2(Pu) 

where we used in the last inequality the fact that / < j and b < 1. 
If / > j, we use the following identity: 

P,(d^(PK/)C)) = 2- 2 'P,(d^(AP(/)G)) 

= 2^(P J (d^dyHy7p( / )G))) + PMHfPiU) ■ ?g))). 
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Together with the estimate (l5.64j) for Pj, we obtain: 

2^\\P 3 {dUPi{f)G))\\ L ^ 

< 2^ b - 1 )- 2 '(||P ; -(d^(yP i (/)G)))|U 2 (P u ) + WPii&HfPiif) ■ ?G))\\ LHPu) ) 

< 2 ^-^\\\p^&nc { L> { P^ 

where p satisfies: 

1<P<^, (C23) 

which is possible since — 1 < b < 1. Together with the Bochner inequality for scalars 
(I5.63P and the finite band property for Pj, this yields: 



2^\\P 3 (dHW)G))\\ LHPu) 
where r is given by: 



i i _ i 

r 2 p 

Together with the Gagliardo-Nirenberg inequality f)3.9p . the Bochner inequality for scalars 
(|5.63p . and the finite band property for Pi, we obtain: 



2^P 3 (dWW)G))h HPu) (C.24) 

< 2 , ( 6_i)- 2;(2 2, 2 z + 2^2^ 2 -^))(||G'|U^ ( ^ ) + H^ciu,^))!!^/!!^^) 



where we used in the last inequality flC23j> . the fact that b + 1 > 0, and the fact that 
l>j- 



Finally, flU^Tj) . f!U^3|) and f lU^ij) imply: 

X)2 a ^||P i (d^fl(/)G))||i a(fl() 



< 



J- ( ^2-^'' min ( 1 - b ' 1+ ^ 1+ |)(||G||^ ( p tt) + ||yG|| L2{ p tt) )2^||PJ|| L2(Pii) V 
j>o \;>o 

< (l|G||! o ( p ii) + ||yG||| 2(Pu) )^2^||PJ|| 2 i2(Pu) 

l>0 

< (l|G||i- ( p u) + \\fG\\l HP J\\f\\l b{Pu) . 
This concludes the proof of the lemma. 

C.7 Proof of Lemma 15.271 

We have: 



|P,(d^(/G)|U 2(5) < Y^\\mHW)G))\\ LH s). (C.25) 



l>0 
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If I < j, we use the finite band property for Pj to obtain: 

< 2^\\fdHPi(f)G)\\ LHS ) 

< y^witiwvGw^s) + \\nw)w(G)\\ LH s) + iiPK/)W(G)n i2(s) 

< 2 ^ fe - 2 )(||y 2 (P / (/))l|L 2 (5)||G||^ {s) + ||y(fl(/))||xf_ M L,(P J IWG)|| Lf _ M x.(P B ) 

+ l|P(/)ll^(5)||y 2 (G)|U 2(5 )), 

where p and g are such that: 

2 2 1 

- + - = -, 2 < g < p < +00. 
p q 2 

Together with the Bochner inequality for scalars (I5.63p . the Gagliardo-Nirenberg inequal- 
ity (13. 9p . the finite band property for Pi, and the strong Bernstein inequality for scalars 
f)5.6ip . we obtain: 

^-^WP^P^GMlhs) 

< 2^ b - 2 \2 2l (\\G\\ L ^ s) + ||d^(G)||x f _ M x.(P.))llfl/l|x»(S) 
+2 i ||y 2 (G)|| L2(5) ||P(/)llLp 2i2] L 2 (P u) ) 

< 2 -^- b \\\G\\ L ~ {s) + \\dHG)\\ Ll22]LHPu) + ||y 2 (G)|U 2(5) ) 
x(2^||P/|U 2(5) + 2^- 1 )||P i (/)IU r _ 2 , 2] L 2 (P tl) ), 

where we used in the last inequality the fact that / < j and b < 2. Since this holds for 
any q > 2, we finally obtain: 

2^ 6 - 1 )||P J (d^(P(/)G))|| L2(5 ) (C.26) 

< 2 -^- b \\\G\\ L ~ {s) + \\dHG)\\ Lf _ 22]L i +{Pu) + ||y 2 (G)|| L2(5) ) 

x(2' & ||P/|| L2(5) +2^- 1 )||P(/)|U r _ 22] L 2 (P u )). 
If I > j, the finite band property for Pj yields: 

2^ 6 - 1 )||P,(d^(P(/)G))|| i2(5) < 2P\\Pl{f)G\\» (a) (C.27) 

< 2^||G|| L . (5) ||P(/)|| L2(5) 

< 2-l^l 6 ||G||^ (5) 2^||P(/)|| L2 ( 5)! 

where we used in the last inequality the fact that / > j and b > 0. 
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Finally, f!U^5|) . f!U^6|) and flU^Tj) imply: 

^2 2 ( fc -^||P,(d^(/G))||i 2(s) 

< + \\mG)\\i t ^ +{Pu) + \\f 2 (G)\\i 2{s) ) 



2,2] 

2 



X 



£ ^2-l^l min ( 2 -^(2^||P,(/)IU 2( 5) + 2 i(6 - 1) ||PK/)IU r _ 221 L 2 (P tl) ) 



[-2,2] J 

< (l|G|li-(5) + »( G )ll^ 2]L2+(Pu) + liy 2 (G)iii2 (s) ) 

x E(2 m H^(/)ll! 2 (5) + 2 a(6 - 1) ||^(/)lll r _ 2]2l x 2 (P„)) 

Z>0 

< (\\G\\U (S) + \\dHG)\\ 2 Lf r, +{Pu) + liy 2 (G)||i2 (5) )(||/||i2 H6(Pu) + II/IU^-hp.))- 
This concludes the proof of the lemma. 

C.8 Proof of Lemma [57281 

We have: 

\\P,(Fh)\\L H P u) < J2W P AFPi(h))\\L H P u ). (C.28) 

If I < j, we use the finite band property for Pj, and the strong Bernstein inequality for 
scalars (15.611) and the finite band property for p, which yields: 

2^||P,(PP(/>))|| L 2 ( p i) < 2^"- 1 )||y(PP(/ i ))|| i 2 (Pu) (C.29) 

< 2^\\\yF\\ LHPu) \\P l {h)\\ L ^ {Pu) + \\F\\ L ~ { P u) \\yPi{h)\\Li { P u) ) 

< 2^- 1 )(||yp|| i 2 ( p ti) 2 i ||P(/.)|U2 (Pu) + \\F\\^ {P ^\\I\{h)\\^) 

< 2-l^l( 1 - b )(||yp|| i 2 (Pu) + llFh^P^mmLHP,), 

where we used in the last inequality the fact that / < j and b < 1. 
If I > j, we use the boundedness of P, on L 2 (P U ) which yields: 

2^||P i (FP,(/i))|| i2(Pu) < 2^||PP,(/i)|| L2(Pu) (C.30) 

< 2^||P||^ (Pu) ||P(/.)|U2 ( p u) ) 

< 2-l^l 6 ||P|| Loo( p tt) 2^||P(/.)|| i 2 ( p ti) , 

where we used in the last inequality the fact that / > j and b > 0. 
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Finally, (jC^gjl . (IC39j) and ( !U30|) imply: 



i>o 

j>0 \l>0 J 

< (11^11^) + \\fF\\i HPu) )^ b \\m)\\h {Pu ) 

l>0 

< (11*11^) + \\fF\\l HPu) )\\h\\ 2 Hb(Pu) . 
This concludes the proof of the Lemma. 
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